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ABSTRACT
Measurements are presented for the drag on a torus moving along 
Its  axis of rotational symmetry at low Reynolds number. I f  D 1s 
the outside diameter of the torus, and d Is the thickness 1n the 
axial d irection, then the measurements cover the range Sg ■ 1 
(the closed torus) to Sg * 135, where Sg = (D/d) - 1. The effect 
of a coaxial cylindrical boundary (diameter H) 1s taken Into 
account by an empirical correlation. The values of drag 
obtained by extrapolating to a flu id  of In fin ite  extent are In good 
agreement with the exact solution obtained by Majumdar and O 'N e ill. 
When ^(Sg)^  «  H, the empirical boundary correlation 1s consistent 
with the result of Brenner for small partic les. Measurements with 
outer boundaries of square and circu lar cross-section Indicate that 
the re la tive  e ffec t of the two boundary shapes on the drag Is the 
same for the torus as that found by Happel and Bart fo r a sphere. 
Eiii^1r1ca1 results are presented for the case 1n which the torus 
1s strongly Influenced by a coaxial cylindrical boundary. The 
combined In e rtia l and boundary effect for the torus has been 
related to the combined In e rtia l and boundary effect for a sphere 
by an empirical equation.
v11
CHAPTER 1 
INTRODUCTION
A. Statement of the Problem
Consider the problem illu s tra ted  in F1g. 1. A torus of outside 
diameter D and thickness d 1s moving along Its  axis of rotational 
symmetry with constant velocity U through a homogeneous, Incompressible, 
Newtonian flu id  { i . e . ,  one for which the viscous stress tensor 1s 
proportional to the rate of strain tensor) of viscosity y and density p. 
The flu id  is presumed to extend to in f in ity  in a ll directions and the 
Reynolds number Re * UpD/y is presumed to be small compared to 1. The 
configuration for non-zero (D-2d) 1s the "open torus" and for zero 
{D-2d) is the "closed torus". We concentrate on the determination of 
the drag force exerted by the flu id  on the torus.
B. Theoretical Background
1. The equations of flu id  flow:
The motion of an incompressible, homogeneous, Newtonian flu id  is 
governed by the Navfer-Stokes and continuity equations with appropriate 
boundary conditions. The Navier-Stokes equation 1s
p(6?/6t) + p(V * V )* * *$P + yV ^  + t  (1.1)
and the equation of continuity 1s
$ * -  0 , (1.2) 
where p is the pressure, $ Is the flu id  velocity and t  Is the external 
force per unit volume. The primary boundary condition for viscous flow 
1n the presence of solid boundaries is that the flu id  in contact with
1
2the solid surface has the same velocity as the solid surface, the so- 
called "no-slip" condition. The Navier-Stokes equation expresses the 
conservation of momentum. The continuity equation expresses the 
conservation of mass. For an incompressible f lu id , the statement that 
mass is conserved is equivalent to the statement that the velocity fie ld  
has zero divergence. I f  t  is a conservative force such as the force of 
gravity, i t  may be expressed as the negative gradient of a scalar 
potential function and may be combined with the pressure term in the 
Navier-Stokes equation (1 .1 ) to form the so-called "modlfied-pressure''. 
Then Eq. (1 .1 ) becomes
p(6V/6t) + p(? • $)? * - f r  + yV2tf . (1 .3)
where P is now the modified pressure.
2. Th Reynolds number and the Stokes approximation:
From the Navier-Stokes equation there emerges an important 
dimensionless number known as the Reynolds number. This number can be 
exposed by making the physical terms In the equation dlmenslonless. 
Suppose that the flow is character!zed by a certain linear dimension L, 
a velocity U, a time t and the viscosity y. Then we non-dimensional1ze
the physical terms which appear 1n Eq. (1 .3 ) in the following fashion
1 2 (s im ilar to the methods used 1n Rosenhead or 1n Happel and Brenner ).
The lengths (space coordinates) are rendered dlmenslonless with respect
to L. The velocity is rendered dlmenslonless with respect to II. The
pressure 1s rendered dlmenslonless with respect to (yU/L), and the time
with respect to t . Now, I f  u, t ' ,  P '. and ?' are the respective
dlmenslonless quantities, the Navier-Stokes equation (1.3) becomes
3(L2/T v )(6 fy 6 t')  + (LU/v) (u • $ *)u  = -$ 'P ' + ( $ ' ) 2 u , 
which can be written as,
S(<S"u/6t')  + Re(u * $ ')u  * -$ 'P ' + ( $ ' ) 2 u . (1.4)
The quantity Re * UL/v, where v a u / p 1s the kinematic viscosity of
2
the f lu id , 1s the Reynolds number and S * L / \ > t  1s the Stokes number.
I f  the flow 1s steady, (6\f/6t) = 0 and so 1s (6u /6 t‘ ). Then Eq. (1.4) 
becomes Re(u ■ )u= -$ 'P ' + ($ * )2 u. In such situations, where
Re «  1, the above equation reduces to $'P ' = ( $ ' ) 2 u, and in terms of 
the dimensional quantities 1t becomes
$P a pV2tf - (1.5)
Equation (1.5) together with Eq. (1.2) constitutes the steady state
Stokes, or creeping flow, equations. The primary condition necessary
for Eq. (1 .5) to be va lid , namely, that the Reynolds number Re «  1, 1s
called the Stokes approximation or the condition for Stokes flow (or
creeping flow). I f  the flow Is unsteady, but S «  1, the unsteady term
S(6u/<5t') 1n (1.4) can be neglected and 1f Re «  1, the equation of
motion w ill be formally Identical to Eq. (1 .5 ). In these circumstances,
the equations $P * mV2^ and $ * $ * 0 are referred to as the quasi-
s ta tic  or quasi-steady creeping motion or Stokes equations. However,
i f  S ■ 0(1) the unsteady term 1n the equation of motion must be 
1 3retained . The terms on the le f t  hand side of Eq. (1.1) are called  
the In e rtia l terms since they express the rate of change of moment!m 
(per unit volume) of the flu id . In the Stokes approximation, the 
In e rtia  of the flu id  1s considered to be neglig ible. For steady 
Stokes flows (1n the absence of external forces), the force balance Is 
en tire ly  between viscous forces and pressure gradients. The Reynolds
4number may be thought of as a ra tio  of In e rtia l forces to viscous 
forces, so the condition Re << 1 expresses the predominance of viscous 
forces.^ When the boundaries are rig id  surfaces (not necessarily at • 
re s t), the flows that satisfy the Stokes equations have several 
characteristics that distinguish them from flows satisfying the fu ll  
Navier-Stokes equations: (1) The Stokes flow solution 1s unique*’ ’ 8*7 ,
that is , there cannot be more than one solution of Eqs. (1.5) and 
(1 .2 ). (2) The Stokes flow has a smaller rate of dissipation of energy
than any other incompressible flow 1n the same region with the same 
value of the velocity taken on the boundary or boundaries of that 
region8 ,8 . (3) The Stokes flow 1s reversible8 *9.
3. The drag force and solutions to equations of motion:
In the consideration of the motion of a body In a f lu id , the 
quantity of most practical significance 1s the total force exerted on 
the body by the f lu id . The contributions to this to ta l force are made 
by the tangential stress at the body surface and by the normal stress, 
integrated over the surface. The component of the force paralle l and 
opposite to the direction of velocity of the body 1s termed the drag 
(or drag force). The component of the force normal to the direction  
of motion of the body 1s termed the l i f t  (or l i f t  force).
The solutions to Stokes flow equations are numerous. These solu­
tions are concerned with the evaluation of the drag force on bodies 
of various shapes moving In viscous flu id  media. The most celebrated 
one 1s that of the sphere. I f  D 1s the diameter of the sphere, the
solution due to Stokes^ Is , the drag force F ■ 3ttuUD. Solutions are
511 12 available for such shapes as the disk , the hemispherical cap , the
13cardlold of revolution , the closed torus and the open torus. The 
la tte r  two are the ones of main Interest In this work. The results 
for the disk, the hemispherical cap and the cardlold of revolution 
are given 1n Table 1. The drag ratios 1n Table I are 1n comparison 
to a sphere of diameter D. The problem of a cylinder of In fin ite  
length moving transverse to its  axis is two dimensional and there Is 
no exact solution of the Stokes equation. This 1s known as the Stokes 
paradox. In this case, the Inertia  cannot be neglected. An approxi­
mate solution due to Lamb1^, which takes in e rtia  terms p a rtia lly  Into  
account gives, f  * 4ttviU /[ i-y-Jtn(aU/4v)] ,  where f  Is the drag force per 
unit length of the cylinder, 2a Is the diameter of the cylinder, and y 
Is Euler's constant, approximately equal to 0.577216. A detailed
account of the work on cylinders can be found 1n the papers of
22 23Stalnaker or Huner . The solution of the closed torus 1s due to
15Dorrepaal, et a l. . They have solved the Stokes flow equations by 
Introducing the Stokes stream function, which has permitted the 
evaluation of the solution for the drag force. The result 1s
F -  35.26yUa . (1.6)
The open torus problem has been treated theoretically  by Ghosh*®,
Relton*^, Payne and Pell*®, Majundar and O 'N e ill*^ , Tchen^®, and 
21Johnson and Wu .
The attempts of Ghosh, Relton and Payne and Pell have been to solve 
the Stokes flow equations by Introducing the Stokes stream function.
The stream functions used by Ghosh and Relton are the same. However, 
as pointed out by Hajundar and O 'N e ill, with reference to the work of
TABLE I
DRAG VALUES FOR A DISK, HEMISPHERICAL CAP AND A CARDIOID OF REVOLUTION
Body
disk
hemispherical cap
cardlold of 
revolution
*For this drag ratio,
Dimensions 
diameter is D
diameter is D
semi major axis 1s 
'a' and the maximum 
diameter of cross- 
section is 0
F{drag)
8yUD
< « ) UUD
7.68474trgUa
2.95785niUD
Mode of motion 
broadside translation
axlsymmetric motion
axlsymmetric motion
Drag
ratio
(F /3 ttuUP)
0.8488
0.9244
1.2808* 
0.9859
the diameter of the sphere is equal to 2a.
Os
7Ghosh, the solution assumes that the stream function vanishes on the 
body as well as along the axis of symmetry. This assumption leads to 
the consequence of no flow of flu id  through the central hole of the 
torus and a discontinuity 1n the flu id  pressure across the central 
plane of the hole. Thus, these solutions are of less physical 
1nterest.
Payne and Pell have studied the problem In d e ta il, treating the 
value taken by the stream function on the body as one of the unknowns 
In the problem. Although this work gives the exact solution fo r the 
stream function, 1t Is a solution of great complexity that requires 
considerable calculations to determine the stream function and hence 
the drag force acting on the torus for varying torus geometries. I t  
appears that no nunerlcal calculations have been carried out.
Tchen has studied the resistance experienced by a curved and 
elongated small partic le  by the method of velocity perturbations. The 
elongation and curvature are such that the axis of the partic le  1s an 
arc of a c irc le . The radius of curvature and the opening angle 
formed by the two arms of the partic le  are two parameters used to 
exhibit various shapes, of which the closed ring (torus) 1s a lim iting  
case. The resistance has been obtained by replacing the partic le  
with a continuous distribution of forces along the axis of the 
p artic le . These forces have been required to satisfy a set of 
Integral equations which permits the evaluation of the velocity  
perturbations produced by these forces and hence the net resisting  
forces. The result of Tchen, for motion perpendicular to the plane 
of the body Is
8F = 8TtuAU/[an(A/b0) + Jtn {2 tan{xQ/4 ) / ( Xq/4 )} + i ]  , (1.7)
where I  1s half-length of the p artic le , 2bQ 1s the maximum thickness 
of the partic le and Xq 1s an angular parameter used to exhibit the 
shape of the p artic le . For a torus (r in g ), Xq s *  and hence;
F = 8mpWI/Un(4/b0) + Jin (8/m) + i ]  , (1.8)
where 2b„ ■ d Is the thickness of the torus, o
Johnson and Mu have studied the flow past a slender torus of 
circu lar cross-section, I . e . ,  a torus whose centerline diameter (D-d) 
is large compared to the cross-sectional diameter d. They have worked 
out an approximate solution for the drag force by resolving the flu id  
motion Into fundamental flow singularities (Stokeslets, doublets, e tc .) 
distributed continuously on the body center-line. Their solution Is:
f  * 4mpU/[in (8/c) + i ]  . (1-9)
where f  1s the force per unit length experienced by the torus and e 1s 
the "slenderness parameter" equal to d / (D-d). The result of Tchen can 
be compared with the result of Johnson and Mu by using the relations  
f  = F/2£, 21 * m (D-d) and d ■ 2bQ. Tchen's solution becomes
f  * 4mpU/[iLn j  + £,n (8/m) + i ]  * 4myU/[tn (8/e) + 4 ],
which Is the same as the result of Johnson and Mu. Thus, the solutions 
of Tchen and Johnson and Mu agree exactly with each other.
Majumdar and O 'Neill have studied the problem 1n detail and have 
obtained an exact solution that allows the drag force F to be calcu­
lated e x p lic itly  for varying torus geometries. They have solved for 
the velocity and pressure fie lds d irec tly , starting with the Stokes
9flow equations and using the "no-slip" boundary condition at the surface 
of the torus. The drag force F paralle l and opposite to the axis of 
rotational symmetry has been calculated using the equation
where !tn Is the stress vector at any point on the surface S of the 
torus, associated with the direction n of the outward drawn normal,
a
and k 1s a unit vector along the axis of symmetry which coincides with 
the Z-axIs in a system of cylindrical polar coordinates. They consider 
a stationary torus placed ax1symmetrically 1n a uniform stream which 
flows with velocity U. The Z-ax1s has been chosen In the direction  
opposite to that of U. In so fa r as the drag force 1s concerned, the 
situation is the same as the one In which the flu id  1s at rest and the 
torus Is allowed to translate In the direction of the Z-ax1s with 
velocity U.
The solution of Majumdar and O’N eill 1s expressed 1n terms of a 
parameter sQ * (D/d) - 1 * (b/a) + 1, where 2a * d and b Is the radius 
of the central hole of the torus, which Is equal to (D-2d)/2. In terms 
of sQ and d, the length of the torus (center-line-length) 1s Trds0 and 
for a closed torus sQ 1s equal to 1. The expression for the drag 
force, given 1n the paper (1977) by Majumdar and O 'Neill (Eq. 4.3 1n 
that paper) 1s:
This expression 1s 1n error due to misprints, as was disclosed by
F = -  /  • k ds (1.10)
(1 . 11)
24Hussey and Grlmsal . The correct expression for the drag 1s
10
F = 4\/2~ir u Uc I  [nB + C ] ,
N=0 n n
where a = c cosech n0 . sQ = cosh nQ and the coefficients Bn and Cn 
are defined In the following manner:
Bn ■ kn <an+l+an-l> * 2 so kn V  <n ^ ”
Cn ‘  lkn *an+l '  an -l*  + 6Xn • (n > 0) ,
where B - y fT /v , kn = Pn_4(s0) _1 and XR - eR Qn. 1U 0) / ' ,n_ *(s0>■ w1th
c = 1 and e * 2 for n > 1. The functions P . and , are Legendreo n — n -j n -t
functions of the f i r s t  and second kind of half-in tegra l order and the 
coefficients aR satisfy the equality a_j = aQ = 0 and the set of 
linear equations:
f l j (_kg -10 Sq k-j + 3k2 "*■ ) + d2(7k-j -3 s  ^ k  ^~ 7.5u2)
-  B{2Xq - 4X, + 3X2)
an - l [ (2n' , )  so kn-l • (2" '5) kn '  i t 2"”1 > <Zn- 3> V l ]
+ • „ [ - ( * " - ’ > k„ - l  -  10 s o kn + <2n+1> kn+l + <2n+1> t 2" ' 1) ^ ]
+ V l [ ( Zn« )  kn -  <2n+,> kn+l -  1 (2n+,) <2n+3> V l ]
*  B T(2n-1) Xn_j - 4nXn + (2n+l) Xn+jJ  , fo r (n > 2) ,
r l - 'where un * I (S0H » Pr *me Indicating d ifferen tia tion
with respect to sft. Subsequently, O 'Neill has shown that I  nB *
« n"0 oo oo
E nB„ * E C„. The use of this result together with the d e fln l-
n*l n n-0 n
tlons o f c and s. y ie ld  the following expression fo r the dreg.
11
F = 4^2~TrviUa ( s q 2- 1) *  I  (nBn + CR) = 8 wpUa (sQ2- l ) i  I  nBn .
( 1 . 12)
This result 1s twice the result given 1n Eq, (1 .11). The result of 
Majumdar and O 'Neill fo r large sQ 1s, F * 2 w pUae / ( n0 - tn 8),
which follows from th e ir Eq. (4 .6 ). Their Eq. (4.6) Is , F/(6wjiUa) -
* n nF - we /3 ( n0 - £n 8) as n0-H“°. I . e . ,  as so-+<». This result for large 
s0 Is In erro r, which was disclosed and corrected by Hussey and 
Grimsal. The correct asymptotic form of the expression for F* Is
* n
F = 2 w e ° /3 (n 0 + *n 4 + *) . (1.13)
The derivation of this result 1s presented 1n Appendix I .
I t  1s Interesting to compare Eq. (1.13) with Eq. (1.8) which 1s
the same as Eq. (1 .9 ), for large s . Equation (1.13) gives:
hn
[F/(3wpUd)] = 2w e /[3 (n 0 + Jin 4 + i ) ] .  Therefore,
F * 4w2 dsQ uU/  [ in  (8 sQ) + i j  , (1.14)
since nQ * cosh"1 sQ * in [s Q + (sQ2 - 2 s0* for la r9e s0*
I . e . ,  for large nQ. Equation (1.14) 1s the same as Eq. (1 .8 ), since
2 i » wds^  and 2b. ■ d. Thus, the solutions of Tchen and Johnson ando o
Wu agree with the solution of Majumdar and O 'Neill for large sQ.
I t  1s convenient to express the results for the drag force on the 
torus In terms of the drag force on a sphere of the same outside
I
diameter by defining the dlmenslonless force F ■ F/3wpUD. This 
defin ition  makes Eq. (1.12) read
*  «V*73) { ^ } ‘ I  «„ ,
12
and Eq. (1.14) read
F* -  4 * s q / { 3 ( s0 + 1) [an (8 sQ) + * ] }  . (1.16)
The expressions (1.15) and (1.16) Involve only F* and sQ, the para­
meter defining the torus geometry, and describe the s0 dependence of 
the dlmenslonless force F '.
F inally , we consider the analogy between a torus of large sQ and 
a c ircu lar cylinder. For large values of s0» i . e . ,  fo r large D/d 
ra tio , the torus may be thought of as a c ircu lar cylinder of curved
center lin e . Stokes flow solutions for a straight cylinder (length 2 t,
diameter d) moving transverse to Its  axis have been obtained by
26 27 28Batchelor , Keller and Rublnow , and by Russel, et a l . The
result of Russel, et a l . , as revealed by Stalnaker, Is:
F = 4 up Ue (1 - 0 .193e + 0.215e2+ 0.97c3) , for e < 0.275 ,
(1.17)
where e * [£n(4£/d)]~^ and f  1s the drag force per unit length of the 
cylinder. The length of the torus * 1Tds0. Therefore, e * £Jtn(2ttso) 3 
and e * 0.275 for sQ * 6. Thus, from Eq. (1.17) the dlmenslonless
force F* for the torus of length irdsQ 1s
f ' « (4miUc • 7Tdso/3TUjUD) (1 - 0.193c + 0.215e2 + 0.97e3) ,
that Is
F' » [4ws0e/3(s0 + 1 )] [1 - 0.193e + 0.215e2 + 0.97e3] , (1.18)
fo r e < 0.275, I . e . ,  fo r sQ > 6, where sQ * (D/d) - 1 .
The values of F* are presented In Table I I  and are plotted 1n
F1g. 1 as a function of s„. Table I I  Includes the closed toruso
TABLE I I
VALUES OF THE DIMENSIONLESS DRAG f ' 
F'
s0 Exact [Eq. {1. I5 ) ] ta)
1 0.9353
1.5 0.9199
2 0.9071
3 0.88456
4 0.86465
6 0.83163
8 0.80552
10 0.78431
15 0.74480
20 0.71680
30 0.67839
40 0.65230
60 0.61752
80 0.59438
100 0.57731
150 0.54825
200 0.52909
300 0.50402
a^Hh1s result Is for s_ > 1.
Approximate [Eq. (1.16)]
0.8120
0.8420
0.8533
0.8542
0.8450
0.8214
0.7992
0.7800
0.7427
0.7155
0.6778
0.6519
0.6174
0.5943
0.5772
0.5482
0.5291
0.5040
Cylinder [Eq. (1.18)]
0.9009
0.8451
0.8071
0.7565
0.7231
0.6794
0.6509
0.6301
0.5951
0.5723
0.5427
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The variation of dlmenslonless drag with geometrical parameter 
Sq as given by the exact solution of Majundar and O 'Neill and the 
approximate solutions of Tchen and of Johnson and Wu. The curve 
labeled cylinder was obtained from Eq. (1 ,18). The Inset shows 
the definitions of the geometrical terms.
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result of Dorrepaal, et a l . , the results of Majumdar and O 'Neill 
(sQ = 1.5 and 2 ), the values calculated using the asymptotic expres­
sion (1.16) and the values calculated using the expression (1.18).
The numerical calculations of the work of Majumdar and O 'Neill were 
only up to sQ * 4. Grlmsal and Hussey calculated the values of the
force for sQ ji 3, In the Summer of 1979. These values agree with
29the values published recently by Goren and O 'Neill , which were 
provided to them 1n the Fall of 1979 by O'Neil 1 ^ .
The results of Tchen and Johnson and Wu agree well (to better 
than 0.2 percent) with the result of Majumdar and O 'Neill fo r sQ > 20. 
The agreement is not so good at small sQ values. At s0 ■ 2, the dis­
agreement 1s about 5 percent and at sQ * 4, I t  Is about 2 percent.
The values of f ' calculated using the cylinder approximation. I .e . ,
Eq. (1 .1 8 ), are greater than those from other results. The discre­
pancy 1s about 11 percent at sQ = 20 and about 8 percent at sQ * 300. 
I t  appears that the curvature of the center line causes the drag to 
be reduced. From the values of the drag ra tio  in Table I and the 
values 1n the f i r s t  column of Table I I ,  1t 1s evident that the drag 
1s re la tiv e ly  insensitive to shape 1n the Stokes flow regime.
4. The In e rtia l corrections to the equations of motion:
The Stokes flow results are concerned with the flow past various 
shapes of body 1n the lim it  of zero Reynolds nunber. In th is regime 
the in e rtia l terms In the Navier-Stokes equation are completely 
Ignored In comparison to the viscous terms. However, no actual flow 
can occur at a Reynolds nunber which Is Identica lly  zero and hence
16
In e rtia l effects w ill exist to some extent In a ll real systems.
Effects which arise when the Reynolds number Is small but not wholly 
negligible have been treated by methods which attempt to approximate
the In e rtia l terms 1n the Navier-Stokes equation. The f i r s t  attempt
30 31towards this direction was due to Whitehead. ’ He attempted to 
account for the In e rtia l terms by extending Stokes' original solution 
for the sphere using a straightforward Iteration  scheme. He u tilized  
the relations p(vQ • ft)vQ = pv2v-] - ftp and ft • v-| “ 0, where vq 1s a 
solution of the Stokes equations of motion ( I . e . ,  Eqs. (1.5) and (1 .2 )) .  
The boundary conditions were v^  * 0 on the surface of the sphere and 
v-| tends to ft at an In fin ite  distance from the sphere,for a station­
ary sphere In a uniform stream which flows with velocity ft. The next 
step would be to use p(Vj ’ ft)v^ as the approximation to the In e rtia l 
terms. Thus, 1t appeared the problem could be solved by Iteration  
to Include hlgher-order approximations. However, as Whitehead himself 
discovered, therewasno solution fo r v-j that was capable of satisfying  
the condition of uniform flow at In f in ity . Furthermore, 1n the next 
approximation, the solution Vg could be shown to become In fin ite  at
In f in ity . The d if f ic u lty  to extend Stokes' solution by the above
32Ite ra tion  scheme Is referred to as Whitehead1 s paradox. Oseen 
suggested a scheme for the resolution of th is paradox. His view was 
that Stokes' original solution of the creeping motion equations for a 
sphere of radius 'a* 1s of the form vQ ■ ft + fta 0 (r_1) at large dls- 
tances from the sphere. Hence, V vQ w ill be of the form ua 0 (r  ) 
and (vQ * ft)vQ w ill be of the form U2a 0 ( r ”2) ,  at large distances from 
the sphere. Thus, fa r from the sphere, the ra tio  of the In e rtia l terms
17
to viscous terms, I . e . ,  tp(vQ * $)v0 }/yV2v0 w ill take the form
The quantity (rUp/w) 1s the Reynolds nunber based on r ,  the space 
coordinate. Suppose the value of r  1s such that 0(rUp/p) 1s equal to 
0(1 ). Then at such distances and greater, the In e rtia l term w ill be 
of the same order of magnitude as the viscous term, even I f  the 
partic le  Reynolds number 2aUp/y ->-0. This is inconsistent with the 
view of Stokes, that the Inertia  can completely be neglected.
Because vQ 1s not uniformly valid  ( I . e . ,  because vQ Is a solution of 
Stokes equations, which completely neglect In e r t ia ) , vQ does not 
re fle c t the correct estimate of the In e rtia l terms at great distances 
and hence I t  is Inappropriate to use 1t to represent the f i r s t  
approximation to the In e rtia l corrections lik e  1n Whitehead's work.
As a solution to the problem, Oseen forwarded the Idea that In the 
l im it  of small partic le  Reynolds number. I . e . ,  2aUp/p ■+■ 0, and at 
large distances from the sphere, the velocity $ d iffe rs  only by a 
very small amount from the uniform stream velocity II. Hence, the 
In e rtia  term p($ • ?)$ could be uniformly approximated by the term 
p(0 • $)$. This leads to the equation:
uv2^ - -  p(ft* $)tf , (1.19)
and
$ ■ ? « 0 » (1.20)
which are known as Oseen*s equations. The result obtained by Oseen 
for the drag on a sphere, using the above equation Is
F * 6TruaU [1 + |  Ra + 0(R#2) ]  , (1.21)
lb
where R, = aUp/p. In the lim it of Ra -► 0, Eq. (1.21) reduces to thea fl
resu lt of Stokes. However, much controversy has centered around 
Oseen's resu lts . The approximation p(ft * $)\f to In e r t ia l corrections 
appears to be satisfactory  at great distances from the body and 1n 
the neighborhood of the body 1t represents a correction larger than 
that required by the boundary condition, that the velocity  if * 0 at the 
surface of the body. Further, Oseen's equations do not provide higher 
order corrections In the Reynolds number. Following up the work of 
Oseen, there have been many attempts to account fo r the Influence of 
In e r tia  and hence to correct the results for the drag acting on a body
using the Reynolds number as the free parameter. The works of
33 34 35Goldstein , Proudman and Pearson , Kaplun and Lagerstrom ,
36 37 38Jenson , Brenner , and Brenner and Cox fa l l  Into this category.
The studies of Goldstein, Proudman and Pearson, Brenner, and Brenner
and Cox are Important as th e ir  results provide e x p lic it  expressions
fo r the drag 1n terms of the Reynolds number and try  to re c t ify  the
controversies Oseen's results brought 1n. The attempt of Goldstein
was to solve the equations of Oseen completely fo r the flow of a
viscous f lu id  past a fixed spherical obstacle. His resu lt fo r the
drag Is
where Re Is the Reynolds number based on the diameter and the series 
can be used fo r values of Re up to and Including 2. Proudman and
F - 6^0, h  +1| Re -
I
30179
3440640020480
560742400 ( 1 . 22 )
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Pearson's view was that, Oseen's solution needed to be interpreted as 
one providing a uniformly valid zeroth approximation to the Navier- 
Stokes equations at small Reynolds nunber. In that sense I t  could 
be used to ju s tify  Stokes' resu lt, but could not be used to obtain a 
f i r s t  order correction to the Stokes drag on a sphere. They solved 
the problem by employing the following technique. They developed 
expansions for the stream functions which are valid  separately in 
the regions close to , and far from the obstacle, which are called 
'Stokes' and 'Oseen' expansions respectively. These are then substi­
tuted 1n the Navier-Stokes equations to yie ld  solutions fo r the 
coefficients 1n the expansions subject to the boundary conditions that 
the Stokes expansion needs to satslfy the no-$11p condition and the 
Oseen expansion needs to satisfy the uni form-stream condition. The 
uni form-stream condition is that the local velocity tends to the 
uniform stream velocity II at a great distance from the body. The 
uniqueness of the expansions are preserved by a 'matching' technique 
1n th e ir common domain of v a lid ity . Their result for the drag on a 
sphere 1s
F = 6TTvUa £ l + Re + ^  Re2 Jin |  ^ReJ+ 0(Re2) j  . (1.23)
Brenner studied the Oseen resistance of a partic le  of arbitrary
shape. He demonstrated that the Oseen resistance can be determined,
whenever the corresponding Stokes resistance Is known for the partic le .
The attempt Is based on the work of the analogous magnetohydrodynamic
39problem solved by Chang , and on the methods employed by 
Proudman and Pearson 1n their study on the drag of a spherical
2 0
p artic le . The problem considered by Chang Is the Stokes flow of a 
conducting flu id  past an ax ia lly  symmetric body in the presence of a 
uniform magnetic f ie ld . The result obtained by Brenner 1s:
where Dq I s the Stokes drag, D 1s the Oseen drag, U 1s the velocity  
of the partic le  1n an unbounded flu id  medlun of viscosity p» c is a 
characteristic partic le  dimension and R * cllp/p. This result agrees 
with the result for a spherical partic le given 1n Eq. (1 .21 ), 1f one 
uses the relations c = a and Dq ■ 6TTpUa. Brenner and Cox studied the 
resistance to a partic le  of arb itrary shape In translational motion 
at small Reynolds number and obtained a result for the drag on the 
partic le  which includes higher order corrections In R. Their approach 
1s based on the techniques used by Proudman and Pearson in solving the 
Navler-Stokes equations. The result for the drag 1s:
where Fs Is the Stokes drag and R again 1s the Reynolds number based on 
the characteristic dimension c. This result agrees with Proudtaan and 
Pearson's result for a sphere. In passing, i t  1s worth noting the 
following comnent, which has been discussed by Brenner and Cox. I f  
one replaces R In Eq. (1.25) by cUp/p, the equation becomes
Since the characteristic partic le  dimension c Is a rb itra ry , the 
contribution of the logrlthmlc term to the drag Is not uniquely
l&rpcU
A n ^ ^ +  °(R2) I . (1.26)
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defined.
5. Boundary effects 1n slow viscous flow:
The study of boundary Influence on the resistance of particles
1n the region of low Reynolds nunber has been a subject of much
interest for a long time. In practice, one encounters flu id  media
of f in ite  extent and numerous studies on the problem of boundary
effects have been carried out. Considerably large effects have been
40observed 1n experimental work. As an example, Sutterby's work on 
spheres fa llin g  1n a cylindrical tube containing a viscous flu id  
shows that at a Reynolds number of 0 .2 , based on the diameter, the 
drag is 26 percent more than the Stokes drag for a D/H ra tio  of 0.10. 
'D' 1s the sphere diameter and *H' 1s the boundary diameter. Some 
understanding to the boundary Influence can be sought by defining the 
Reynolds nunber 1n the manner Re * UL/v; where L 1s a characteristic  
body length, U 1s the velocity and v Is the kinematic viscosity. This 
result is the same as Re = L/<5, where 6 = y/U 1s known as the viscous 
length. The viscous length gives an estimate of the range of the 
viscous forces. Thus, when the Reynolds nunber 1s small, the viscous 
length 1s large and the range of the viscous force extends many body 
lengths from the object. Therefore, 1t 1s possible that the presence 
of boundaries many body lengths from an object can Influence Its  
motion and hence the drag.
The work of Sutterby 1s purely experimental. I t  provides a scheme 
for simultaneous wall and In e rtia l corrections to Stokes' law. The 
fin a l results are given In Table I I  of his paper, and provide a set of 
values for the parameter K for values of Res up to 3 and values of
22
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D/H up to 0.13. The parameter K 1s the ra tio  [(ttD /6)(o-p)g]/3TryDU, 
where o 1s the sphere density, P 1s the flu id  density, g Is the local 
acceleration of gravity and U Is the sphere fa ll  velocity. The 
Reynolds nunber Res is defined as DUp/p , where p is given by9 3
us = D2{o-p)g/18U.
The theoretical works that exist are mainly 1n the Stokes region
of flu id  flow. The studies of Chang4^, Brenner42, Happel and Bart4^,
4 4  4 5  4 c
Katz et a l. , Frazer , and Bentwich are mentioned here. Chang
studied the problem of an ax ia lly  symmetric body moving Inside a tube
of radius R, and showed that the drag, Dp, on any ax ia lly  symmetric
body 1s given by
( 2.203 D \  / a 2 v
: + i 7 ^ r ) + 0 ( ? ) ’
(1.27)
where DQ Is the Stokes drag and 'a* Is the characteristic dimension of 
the body. This resu lt, when applied to the cases of a sphere, a f la t
disk and a hemispherical cap, a ll of diameter 2a, gives
DR * 6irpUa(1 + 2.104 a/R) * 6irpUa (1 + 2.104 Do/6npUR),
for the sphere , (1.28)
DR * 16uUa(l + 1.786 a/R) « 16pUa(l + 2.104 D0/6 ttpUR),
fo r the disk , (1.29)
and
DR * 17.425pUa(l + 1.945 a/R) - 17.425pUa(l + 2.104 Do/6npUR)» 
for the hemispherical cap . (1.30)
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Brenner studied the wall Influence on the Stokes drag of an 
arbitrary p artic le . He demonstrated that the w a ll-e ffec t correction 
can be calculated en tire ly  from a knowledge of the drag on the partic le  
In an unbounded medium of f lu id , providing (1) that the correction 1s 
already known for a spherical partic le  and (11) that the partic le  
dimensions are small In comparison to its  distance from the boundary.
The general result obtained by Brenner 1s
Dt  = Do/[1  ‘  k( V 6^ U*> + ° ( c^ ) 3] * t 1- 31*
where D£ is the drag on the partic le when moving with velocity U in the 
bounded medium of dimension t ,  0Q is the drag on the partic le  when 
moving through the unbounded medlun at the same velocity and c Is the 
characteristic partic le  dimension. The dlmenslonless parameter k Is 
Independent of the shape of the p artic le , but depends on the geometrical 
nature of the bounding medium. The value of k 1s obtained by comparing 
Eq. (1.31) with the known solution of the problem for a spherical 
partic le  of radius c, for which DQ * 6ttucU. To c ite  an example, for a 
partic le  moving along the axis of a cylindrical boundary of radius £, 
the value of k 1s 2.1044. I t  1s Interesting to compare Eq. (1.31) with 
the results of Chang. I f  the partic le  dimension 1s small enough to 
expand the denominator In Eq. (1.31) In a power series, one obtains
D# * D (1 + 2.1044 Dft/6miUt) + . . .  , (1.32)X o 0
which agrees with the results of Chang. However, as discussed by
Brenner, Eq. (1.31) leads to results of greater accuracy than can be
obtained from Eq. (1.32) and the assumption of axisymmetric motion
24
required in Chang's derivation Is unduly re s tric tiv e .
Happel and Bart studied the Influence of the walls on the drag of 
spheres settling  along the axis of a long square duct. They obtained 
the result
= 6iryUa (1 + 1.903266 | )  , (1.33)
where s. Is now the half width of the square duct. A comparison of this 
result with the corresponding result In a cylindrical boundary 
(example Eq. (1.32)) for a sphere shows that the coeffic ient 2.1044 
has reduced to 1.903266. This Indicates that the drag correction for 
a square container 1s very sim ilar to, but smaller than, the drag 
correction produced by a cylindrical container whose radius 1s equal 
to the half-width of the square container, the sphere radius remaining 
the same. Further comparison yields the defin ition of what Is termed 
the “equivalent cylinder radius" (or “equivalent cylinder diameter"). 
The equivalent cylinder radius 1s the radius of the cylinder that 
produces the same drag as a square container. I f  Lg 1s the equivalent 
cylinder radius and A 1s half-width of the square container, then the 
result
(Drag/6TrviUa) -  1 + 2.1044 (a/Lfi) -  1 + 1.903266 (a/A) gives
L « 1.10568A . (1.34)C
Katz, et a l .. studied the resistance coefficients for a r ig id  
slender body close to a planar boundary or midway between two such 
planar boundaries. They considered a cylindrical body of radius rQ 
and length 2A such that rQ «  A, which translates while remaining In a
25
plane situated at a distance h from either a single In fin ite  plane 
w all, or two such walls. In both cases rQ «  h «  JL. Their result 
for the cylinder near a single wall is
f  -  4-nyU/An (2h /ro) , (1.35)
and for the cylinder midway between two walls is
f  = 4TTyU/[Jin (2h /ro) - 1.609] , (1.36)
where f  is the force per unit length of the cylinder.
Frazer studied the boundary influence on motion of a circular 
cylinder of In fin ite  length translating perpendicular to its  axis and 
paralle l to an In f in ite  plane w all. His result for the drag per unit 
length 1s
f  * 4-rniU/cosh"  ^ {y /a ) , (1.37)
where 'a 1 1s the radius of the cylinder and 'y ' Is the distance of the 
wall from the cylinder axis. This result has been confirmed by Bent- 
wlch. Frazer's result has the Interesting feature, that, for 
y »  a, I t  gives
f  -  4-nvU/tn (2y/a) , (1.38)
-1 2 4since cosh" x * £n[x + (x - ! )  ]-► Jin 2x fo r large x. The result
given 1n Eq. (1.38) is Identical to the result of Katz, e t a l . , for a
cylinder of f in ite  length, given in Eq. (1 .35). Thus, I t  1s quite
logical to treat the solution of Frazer to be valid  over a wide
range of values of (y /a ), up to large values of (y /a ).
Studies of the boundary Influence on the drag of objects lik e  the
torus appear to be lacking. However, some lig h t can be thrown 1n, by
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considering the problem solved by Frazer. Consider the situation  
shown 1n F1g. 2 (a ). I t  Illu s tra te s  the problem solved by Frazer. 
Consider now the problem Illu s tra ted  1n Fig. 2(b). The geometry 1s 
that of a torus moving Inside a coaxial cylinder of diameter H. As 
fa r as the motion and the Influence of the boundary are concerned 
(provided the viscous Interaction between the boundary and the 
torus 1s more Important than the Interaction between one part of the 
torus and another), the problem appears sim ilar to the one solved by 
Frazer. Thus, 1t 1s reasonable to expect a solution analogous to 
Frazer's solution by seeking the correspondence between the various 
parameters 1n the two situations. The length of the cylinder 
corresponds to the length of the centerline of the torus, that Is 
TTdsQ. The distance 'y 1 corresponds to the distance from the wall of 
the cylindrical boundary to the centerline of the torus, that 1s, 
y * (H - D+d)/2. Therefore, (y/a) -  (H/d) - sQ. Hence, we may 
expect the drag F to be proportional to
4ttpU (length)/cosh’  ^ (y/a) = 4^uUs0d/cosh~^ [(H /d )- sQ] . (1.39)
c. The present work:
This work 1s an experimental study of the drag on a torus a t low 
Reynolds number, with values of sQ ranging from 1 to 135. The 
Influences of c ircu lar and square boundaries on the drag have been 
examined, Including cases 1n which the boundary dominates the flow.
A boundary correction has been developed, which helps to obtain the 
values of F* 1n a flu id  of In f in ite  extent. The results have been 
compared with theory. The Influence of the flu id  In e rtia  on the
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M lnlt* plana wall
Ionia
2b
Geometrical n iu s tra tlo n  of the problem solved by Frazer 
IF1g. 2{a)J and the problem of a torus close to a 
cylindrical boundary [F1g. 2 (b )] .
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drag of the torus has been examined.
CHAPTER 2 
THE EXPERIMENT
The terminal velocity of a torus (ring) fa llin g  1n a s i11cone 
flu id  was determined by a time of f l ig h t  technique sim ilar to the 
ones used by Stalneker and Huner. The flu id  was contained 1n a 
glass-walled tank of square cross-section (25.7 x 25.7 cm) and 
height 51 cm. The height of the flu id  1n the tank was 48 cm. The 
tank could be moved v e rtic a lly  to allow measurement of the velocity 
at d iffe ren t depths. Pyrex glass tubing was used to obtain smaller 
circular boundaries of Inside diameters 13.352* 8.918. 7.102, and 
4.346 cm. Two larger c ircu lar boundaries of Inside diameters 21.625 
and 23.6 cm, respectively, were made from polycarbonate (Lexan plastic) 
tubing and from a thin sheet of fiberglass curved to form a cylinder. 
Four boundaries of square cross-section of Inside widths 14.116, 8.931, 
6.306, and 4.440 cm, respectively, were made from Plexiglas sheet.
The to ri (rings) used 1n the study were e ither standard size 
Teflon or rubber 0-r1ngs or rings made from phosphor bronze or copper 
wire bent Into a c irc le  and soft soldered a t the junction. Consider­
able care was taken to use the minimum amount of solder fo r the wire 
rings. I f  too much solder were used, the torus would not maintain a 
stable horizontal orientation while fa llin g  1n the f lu id . The junction 
would t i l t  downward. A sim ilar behavior was observed fo r most of the
rubber 0-rlngs that were tr ie d , which suggests that the densities of
47such rings are not a x ia lly  symmetric. The single closed torus used 
was machined from acetal p las tic . Its  thickness d measured paralle l to 
the axis of rotational syimetry was s ligh tly  less than 0 /2 , so Its  value
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of sQ 1s not precisely 1 .0 , but is in the range of 1.0 to 1.115. How­
ever, we shall s t i l l  re fer to I t  as the closed torus. A total of f i f t y  
one rings were used 1n this study and the dimensions are given in Table 
I I I .  The thickness of the metal and Teflon rings was measured with a 
micrometer caliper to an accuracy of +0.0025 mm and the outside diameter 
with a travelling  microscope to an accuracy of +0.025 mm. The thickness 
and the diameter of the rubber 0-rings that were used were measured with 
the travelling  microscope. The micrometer caliper Is not suitable for 
the measurement of the thickness of the rubber rings as 1t w ill d is tort 
the rubber rings. The thickness measurement was straightforward and 
the technique used to measure the diameter was as follows:
A platform to plac? the rings was prepared. I t  consisted of a sheet 
of glass on which a piece of polar graphic paper had been glued. The 
center of the paper was clearly  marked and the concentric circles that 
were on the paper were used as guides in centering the ring. A ring 
was placed on the glass platform and was positioned such that 1t was 
approximately centered about the center of the polar graphic paper.
Then adjustments of the position were done fo r more accurate centering 
by making the ring to coincide with one of the circles on the graph 
paper. In this adjustment, the position of the ring was observed 
under a magnifying glass. The coincidence was possible with some 
rings. The ring was then carefu lly fixed to the platform with th in , 
short strips of scotch tape and ready for the diameter measurement.
I f  the ring did not coincide with a c irc le , the position was adjusted 
such that the ring would be concentric with the c irc le  closest to i t .
The platform carrying the ring was then fixed to a vertical wooden 
board and the travelling  microscope was focussed a t the ring. The
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TABLE I I I
THE DIMENSIONS AND EFFECTIVE WEIGHTS OF RINGS(TORI)
**
Ring
D ,  ^
(AD)
cm
(4d)(b)
cm
*
m'g in 
Fluid A 
dynes
CT 2.5125
(0.0050)
1.2562 
(0.0050)
1.1877
(0.00025)
i
(0.009)
1.115 
(0.004)
TF 1 0.6508 
(0.0025J
0.17805
(0.00025)
2.655
(0.015)
43.583
TF 21 0.9843
(0.0025)
0.18156
(0.00033)
4.421
(0.017)
-------
TF 12 1.6097 
(0.0032)
0.18423.
(0.00047)
7.737
(0.028)
134.86
TF 201 1.1468
(0.0025)
0.35839
(0.00069) (o!oo9)
TF 202 1.2967
(0.0025)
0.35293
(0.00061)
2.674
(0.009)
TF 206 1.9495
(0.0025)
0.35223
(0.00025)
4.535
(0.008)
-------
TF 309 2.1298
(0.0025)
0.53549
(0.00089)
2.977
(0.008)
-------
TF 13 2.2568
(0.0025)
0.17882
(0.00036)
11.621
(0.029)
194.51
TF 310 2.2835
(0.0025)
0.53477
(0.00099)
3.2701
(0.009)
-------
TF 311 2.4473
(0.0025)
0.53200
(0.00094)
3.6002
(0.0094)
-------
TF 210 2.5799
(0.0030)
0.35877
(0.00025)
6.191
(0.01)
-------
TF 312 2.6009
(0.0025)
0.53416
(0.00036)
3.8691
(0.006)
-------
. *
m'g in
Fluid B 
dynes
1991.2
43.583
76.785
135.35
295.58
343.38
569.91
1324.1 
194.31
1466.6
1585.2 
810.94
1704.0
TABU I I I
(A0)(a)
Ring cm 2 *
TF 7 2.8816
(0.0025)
0.18217
(0.00028)
TF 213 3.0582
(0.0025)
0.35058
(0.00043)
TF 38 3.2233
(0.0025)
0.35649
(0.00033)
TF 316 3.2398
(0.0025)
0.53569
(0.00093)
TF 317 3.3845
(0.0025)
0.53461
(0.00032)
TF 319 3.6982
(0.0025)
0.53423
(0.00032)
TF 36 3.8354
(0.0025)
0.35890
(0.00067)
TF 320 3.8595
(0.0025)
0.53257
(0.0007)
TF 6 4.1897
(0.0414)
0.18562
(0.00042)
TF 39 4.4856
(0.0025)
0.36919
(0.00079)
TF 324 4.4996
(0.0025)
0.53175
(0.00033)
TF 326 5.1333
(0.0025)
0.53257
(0.00025)
TF 3 5.4000
(0.0340)
0.18410
(0.00066)
TF 327 5.4521
(0.0051)
0.52921
(0.00033)
TF 328 5.7823
(0.0025)
0.53295
(0.00038)
TF 35 6.0973
(0.0025)
0.51799
(0.00139)
PB 2 0.6775
(0.0078)
0.04023
(0.00029)
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(continued)
<VC) n g  In  Fluid A 
dynes
m'g* 1n 
Fluid B 
dynes
14.818
(0.028)
261.7 261.89
7.723
(0.013)
- - - - 963.53
8.042
(0.011)
1039.0
5.048
(0.011)
------- 2282.1
5.331
(0.006)
------- 2331
5.923
(0.006)
------- 2623.5
9.687
(0.021)
------- 1251.9
6.247
(0.011)
------- 2733.4
21.571
(0.229)
383.92 383.44
11.15
(0.027)
— — 1542.3
7.462
(0.007)
. . . . 3256.2
8.639
(0.006)
- - - - 3773.8
28.332
(0.213)
471.78 470.70
9.302
(0.012)
-------- 4036.8
9.850
(0.009)
-------- 4310.8
10.771
(0.032)
------- 4395.4
15.841
(0.229)
19.392 19.490
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TABLE I I I  (continued)
Rlnq 
PB 10
D t \ 
(AD)(a)
cm
2.1577
(0.0121)
<Ad)(b)
cm
0.04033
(0.00025)
52.501
(0.447)
mg In
Fluid A 
dynes
67.481
PB 24 2.3031
(0.0025)
0.04028
(0.00025)
56.177
(0.3603)
-------
PB 25 2.3311
(0.0025)
0.04033
(0.00025)
56.801
(0.364)
-------
PB 26 2.6448
(0.0098)
0.04059
(0.00025)
64.159
(0.468)
-------
PB 8 2.8207
(0.0076)
0.04049
(0.00025)
68.664
(0.469)
87.167
PB 29 3.396
(0.013)
0.04044
(0.00025)
82.976
(0.611)
-------
PB 50 3.8633
(0.0161)
0.04039
(0.00025)
94.650
(0.714)
-------
PB 51 3.9548
(0.0282)
0.04039
(0.00025)
96.915
(0.925)
-------
PB 6 4.2354
(0.0064)
0.04044
(0.00025)
103.733
(0.666)
133.59
PB 33 4.9014
(0.0142)
0.04054
(0.00025)
119.903
(0.824)
PB 4 5.4546
(0.0132)
0.04023
(0.00025)
134.585
(0.904)
171.79
CU 11 2.0771
(0.0116)
0.10648
(0.00033)
18.507
(0.125)
385.88
CU 16 2.3495
(0.0125)
0.05664
(0.00025)
40.481
(0.287)
-------
CU 28 3.2067
(0.0099)
0.05705
(0.00025)
55.209
(0.301)
CU 31 4.4456
(0.0272)
0.04531
(0.00025)
97.115
(0.808)
-------
RB 45 0.6426
(0.0025)
0.2648
(0.0025)
1.4267
(0.0248)
-------
m'g* 1n 
Fluid B 
dynes
71.398
71.888
82.27
106.75
122.33
124.87
133.98
154.45
171.39
386.18
115.47
155.23
139.27
20.469
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TABLE I I I (continued)
Ring
UD)<»>
cm
< 4 < b>
cm
RB 46 0.7277
(0.0025)
0.2616
(0.0025)
1.7817
(0.0283)
RB 47 0.8090
(0.0025)
0.2648
(0.0025)
2.0551
(0.0304)
RB 34 1.0871
(0.0025)
0.1740
(0.0025)
5.248
(0.091)
RB 41 4.8063
(0.0091)
0.5331
(0.0034)
8.016
(0,06)
RB 42 5.3613
(0.0312)
0.5099
(0.0025)
9.514
(0.08)
m g* in m'g* 1n
FI u1d A Fluid B
4ynes dynes 
2 03 5
21.449
56.805
988.90
1022.5
TF means Teflon 
PB means Phosphor bronze 
CU means Copper 
RB means Rubber
*
mg' is the effective weight
^ A D  is the standard deviation in the diameter measurements or the 
Instrumental uncertainty, whichever one is larger.
^ A d  1s the standard deviation in the thickness measurements or the 
instrumental uncertainty, whichever one is larger.
^ A s  is the uncertainty in sQ calculated using the equation
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focusing was easy and alignment of the microscope Insofar as locating 
the center of the ring was precise, because the trave lling  microscope 
used was equipped with a cross-hair arrangement that resembled the 
polar graphic paper. The cross-hair arrangement consisted of 6 hair­
lines crossing a t the center of the fie ld  of view and each one making 
an angle of 30° with the adjacent one. The diameter of the p lastic  
rings, which were believed to be more round than the metal rings made 
1n the laboratory, were measured 1n two directions a t right angles.
The diameters of the metal rings were measured In four directions 
at 45° to one another.
The torus fa lls  at its  terminal velocity. Thus, the drag 1s equal 
to the difference between the weight of the torus and the buoyant 
force of the flu id  on the torus. This effective weight was determined
as the product of the effective mass and the local gravitational
2
acceleration g (979.4 cm /sec). A Sartorlus analytical balance with a 
precision of ±0.1 mg was used to measure the effective mass. The over­
a ll uncertainty 1n the effective mass of a ring was +0.2 mg, because the 
carriage used to suspend the rings 1n the flu id  also has an effective  
mass. The effective  mass of the rubber ring 'RB 45' was, however, 
d if f ic u lt  to measure and the uncertainty fo r that was +0.5 mg. This 
ring was the smallest and the ligh test ring. For the metal rings, 
the measured effective mass was generally less (by about 0.4 percent) 
than the value obtained by weighing the ring 1n a ir  and subtracting 
the calculated buoyant force. This observation Is consistent with 
those of Stalnaker and Huner. For the p lastic  rings, the measured 
effective  mass ranged both above and below the calculated values, with 
an average difference of about 1.5 percent. The reason fo r this
3 6
discrepancy 1s not known. The values of the effective weights obtained 
using the measured effective masses are given in Table I I I .  The follow­
ing steps were performed to obtain the maximum accuracy 1n the effective  
mass measurement: The beaker containing the flu id  was le f t  overnight
Inside the balance to Insure thermal equilibrium between the flu id  
and the surroundings. The electronics of the system was switched on 
and le f t  fo r about half an hour to warm up before performing any 
measurements. Failure to do this appeared to cause a s h ift o f the 
zero reading of the scale and hence an inaccurate mass measurement.
The balance was zeroed with the wire carriage, used to hang the rings 
in the f lu id , suspended from the top of the scale pan. The meaning 
of the word "zeroing" 1s making adjustments In the balance to obtain 
a zero reading on the scale. The carriage was made out of thin  
tungsten wire of diameter 0.01829 cm. The zeroing was done using the 
zero control knob of the balance and was merely a correction for the 
effective mass of the carriage. The ring was then lowered carefully  
into the flu id  with a special tool (shape resembling the square root 
sign) made out of alumel wire of diameter 0.1 cm. The tool was so 
constructed, that I t  could rest Inside the beaker containing the 
flu id  with the ring hung over 1 t, thus preventing the ring settling  
on the bottom. The zero reading was then checked and adjusted had 
there been a change. The ring was then suspended from the wire 
carriage and remained fo r awhile to Insure mechanical and thermal 
s ta b ility  and fo r disappearance of a ir  bubbles. A measurement was 
then made care fu lly . Care was taken to see that no a ir  bubbles clung 
to the surface of the ring. The ring was then removed from the wire 
carriage using the alumel wire tool and le f t  Inside the f lu id , hung
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over the tool or over a hook that was attached to the top edge of the 
beaker. The zero was checked again and adjusted had there been a 
change. The ring was then weighed again. The process of zeroing 
the balance and weighing the ring was continued until a stage was 
reached at which the zero adjustment was reproducible and so was the 
effective mass of the ring. The temperature of the flu id  was 
measured using a mercury In-glass thermometer (the same thermometer 
was used with the velocity measurements), Imnedlately a fte r the 
measurement of the effective mass.
48Two mechanical droppers were designed to release rings from 
rest 1n the flu id  1n such a way that the ring would fa l l  with its  plane 
horizontal. One dropper (small dropper) was used to drop rings of 
diameter less than about 1 cm. The other dropper (big dropper) was 
used to drop rings of diameter greater than about 1 cm. Figure 3 1s 
a perspective drawing of the big dropper, which was the one more 
frequently used. Three phospher bronze wires (D) are constrained 
to be vertical by means of three fixed stainless steel tubes (F ). The 
short length (G) of each wire (approximately 3 to 5 mm) that protrudes 
beyond the lower end of each tube 1s bent at a 90° angle. The upper 
ends of the wires are gathered and held together by a brass cylinder 
(B) that can rotate about a vertical axis. Therefore, when the 
cylinder rotates, the wires also rotate simultaneously, but through 
a smaller angle since there Is  some tw ist in the wires. The brass 
cylinder 1s connected to a spring (C) and can be turned approximately 
360° and held 1n place by a latch (A). When the cylinder Is latched, 
the short horizontal portions of the wires point Inward along rad11 
that are 120° apart. A ring can be placed so that I t  rests on these
Fig. 3
A perspective drawing of the big mechanical dropper used to 
release the torus In the liqu id .
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three short portions of wire. The rings and the lower part of the 
dropper are then immersed 1n the liqu id . When the cylinder is 
unlatched, the wires quickly turn from pointing rad ia lly  inward to 
pointing rad ia lly  outward* and the ring 1s free to f a l l .  The three 
stainless steel tubes (F) are mounted eccentrically on three metal 
(brass) disks (E) that can be rotated to adjust for rings of d ifferen t 
diameter. The design and the operation of the small dropper were very 
sim ilar to that of the big dropper. The rings were released about 1 
cm below the free surface.
Two silicone fluids were used, of nominal kinematic viscosities
(a t 23 °C* which Is typ ically  the room temperature) 9.7 and 37.1
2 3 3cm /sec. The nominal densities were 0.9715 gm/cm and 0.9716 gm/cm ,
respectively. In the following discussion, the less viscous flu id  1s
referred to as the "flu id  A" and the more viscous flu id  as "flu id  B".
Silicone fluids are suitable In experiments of th is type, because,
they can be obtained 1n d iffe ren t viscosities, can be blended to have
49the desired viscosity, they are reasonably stable with regard to aging
50 51and more Important, they are Newtonian * up to fa ir ly  high absolute
viscosities (about 3100 centipolse) i f  the rate of shear 1s fa ir ly  low
-1 3(less than about 60 sec ). Fluids of absolute viscosity 10 centipolse
4 -1or less are reported to be Newtonain even at shear rates of 10 sec 
Fluid A was one that was already available and flu id  B was a blend of
two components which contained about 55 percent of the flu id  A and about
2
45 percent of a flu id  of kinematic viscosity 12,500 cm /sec. Viscosities 
were determined over a temperature range of 19° to 28 °C using Cannon* 
Fenske routine type viscometers Immersed in a controlled temperature 
bath. The viscometer No. C619 (size 450) was used with the flu id  A,
4 0
and the viscometer No. 502 (size 500) was used with the flu id  B.
The reproducibility of viscosity measurements was about 0.1 percent
or better. However, the absolute viscosity 1s known to only 0.25
52percent, because of uncertainty 1n the standard of viscosity 
(1.002 centipolse for the viscosity of water at 20 °C and one atmos­
phere pressure). The flu id  density was determined over the same 
range of the temperature by measuring the buoyant force on a pyrex 
glass plummet of known volume (1.556 cm ). The temperature dependence 
of the flu id  density and kinematic viscosity of the flu id  A are well 
represented by the equations
p = 0.9701 [1 + 1.25 x 10"3 (24-T) + 1.6 x 10'4 (24-T)2] , (2 .1)
and
v -  9.54 [1 + 2.05 x 10‘ 2 (24-T) + 1.69 x 10"4 (24-T)2] , (2 .2)
and of the flu id  B by the equations
p -  0.9708 11 + 8.02 x 10~4 (24-T)] , (2 .3)
and
v - v24 T1 + 1.97 x 10-2 ( 2 4 -T )  + 2 .1 x 10"4 (24-T)2] , (2 .4)
where T 1s the temperature in °C and the reference temperature 1s 24°C,
which 1s the mean temperature (temperature variation 1s discussed 
subsequently) 1n the experiment, and v24 *s the kinematic viscosity 
of the flu id  B a t 24 °C.
The viscosity of the flu id  B was fa ir ly  high. Hence, 1t was 
f e l t  necessary to examine Its  Newtonian character. The Newtonian 
character was checked by measuring the terminal velocities fo r steel 
spheres of diameter 0.3163 and 0.5551 cm. When corrected fo r the 
Influence of inertia  and f in ite  boundaries by means of the tables
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given by Sutterby, the viscosities calculated from the measurements 
with the two spheres agreed with each other to within 0.8 percent 
and with the viscometer (cap illa ry ) measurements to within 0.5 
percent. The shear rates ranged from 2.9 sec~  ^ for the cap illary  
to 17 sec"  ^ fo r the larger sphere. The shear rate for the capillary  
was calculated using the expression (4Q/irtR ) ,  where Q is the volume 
of flu id  flow 1n time t  and R is the radius of the cap illary . The 
above expression for the shear rate follows from Po1seu1lie's equation 
fo r flu id  flow (Ref. Batchelor p. 181 or Currie and Smith). The shear 
rates for the spheres were calculated using the expression (3U/D).
This result was taken from the paper of Sutterby. The velocities  
of the rings were small (typ ica lly  of the order of 1 or 2 mm sec"^).
The velocities of the spheres were of the order of 2 or 3 cm sec*^. 
Further, the diameters of the rings were greater than the diameters 
of the spheres. These comparisons Indicated that the shear rates for 
the rings were less than the least of the shear rates of the spheres. 
Thus, we can be confident that for this experiment, the flu id  B 1s 
well within the Newtonian range.
The viscosity of the flu id  8 was determined several times over a 
period of about 17 months, and was found to increase slowly a t a rate 
of approximately 0,27 percent per month. The data taken 1n this flu id  
were adjusted for this change 1n viscosity. The adjustments were made 
with the aid of a scheme (a curve representing the variation of 
viscosity with time) developed using the viscosity measurements from 
the viscometer and the viscosity values calculated from the terminal 
velocity measurements of the two spheres mentioned before. The in it ia l
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viscosity measurements with the viscometer were made on February 15, 
1980. Equation (2.4) was obtained on the basis of that data. This 
resu lt, however, was observed to be Independent of the time In terval. 
That is , although there was an increase in viscosity with time, the 
temperature dependence of the viscosity (Eq. (2 .4 )) was the same.
The viscosity values of flu id  B are presented In Appendix IV. The 
time interval (the number of months and days) was defined with respect 
to February 15, 19B0 and the variation of viscosity was defined by the 
ra tio  (vf /v^) at 24 °C, where Is the kinematic viscosity In i t ia l ly  
and Vf 1s the kinematic viscosity at a la te r time. A graph was pre­
pared with the ra tio  (\>f /v^) as the ordinate and the time Interval as 
the abclssa. The values taken from this graph {1t  was a smooth curve) 
at the desired time Intervals were used to adjust the data.
The experimental set up used for the measurement of the velocity
of a ring 1s shown schematically 1n F1g. 4. The velocity was
determined from a measurement of the time that the ring took to fa l l
between two p a ra lle l, focused laser beams and from a measurement of
the separation of the laser beams. The beam of a Hel1un-Neon (Spectra-
Physics model 155) laser was expanded by a beam expander (A) and then
brought to a focus at the centerplane of the fa l l  space by a lens (B).
The re-expandlng beam was collimated by lens (C), and then displaced
downward by a beam director (Aerotech model ABD-195) where another lens
(D) refocused the beam to the centerplane of the fa l l  space. Two
other lenses E and F were then used to focus the emerging beam of
laser lig h t onto a photodetector. The details of the photodetector
53electronics are given 1n Williams' dissertation. The ring , upon 
fa llin g  through the upper and lower timing points, momentarily blocked
DELAY
ctRcurr
HE-NE LASER (Spectra Physics-Model 155)
PHOTO- 
HP5326 B DETECTOR
TWER- COUNTER
Fig. 4
-FRONT- 
SURFACED 
MRR0R8 OF 
THE BEAM 
DIRECTOR
Sketch of the experimental setup.
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the lig h t reaching the photodetector and the resulting voltage
pulses activated and deactivated a timer-counter (Hewlett-Packard
54 555326 B) through a delay c ircu it * (an Inverted 55b monostable 
c irc u it) .  A schematic diagram of the delay c irc u it 1s presented 1n 
Appendix I I .  The period between the two timing points was displayed 
on the counter. The t1m es-of-flight were measured to 0.1 msec. They 
ranged from 1.677 sec to 78.6 sec, and were typ ically  reproducible 
to about 0.7 percent. The standard deviations of the time measure­
ments were typ ically  within 0.6 percent. However, there were a few 
Instances where the standard deviation was as high as 1.9 percent.
Tnere were a tew cases where the time Interval was measured 
manually with a Standard e lec tric  (model S-10) timer. These are 
Indicated accordingly in the data tables in Chapter 3. These 
measurements were done to an accuracy of about 0.025 sec and the 
reproducibility of the measurements was within 1 percent. The 
standard deviation of these measurements was within 1 percent.
The time Intervals measured with this tdmer were greater than 10.5 sec.
Tne separation of the laser beams was measured mechanically by 
employing the vertical rack-and-plnlon mechanism of a travelling  
microscope. The diameter of the laser beam at the centerplane was 
estimated to be less than 0.3 mm. The technique used to measure the 
beam separation was as follows: An arrangement was constructed
(to ta l length about 40 cm) which consisted of a flex ib le  wire of 
about 30 cm long carrying a Teflon ring (diameter about 4 cm) from 
one end and a carriage (the shape resembling an Isosceles triangle) 
from the other end. The vertex of the carriage was connected to the
4 5
wire. Tne base of tne carriage was a straight piece of phosphor 
bronze wire of diameter 0.0403 cm. When beam separation measurements 
were made, the travelling  microscope was kept on a bench outside the 
tank containing the flu id  and I t  was a t a higher level than the top 
of the tank. The fle x ib le  wire and carriage arrangement was then 
hung from the end of the microscope with the aid of the Teflon ring 
and the position of the microscope adjusted so that when 1t was 
lowered by means of the vertical adjustment knob, the phosphor bronze 
wire (base of the carriage) could Intercept the laser beams. Care was 
taken to see that no other portion of the carriage would Intercept the 
laser beams. To make a beam separation measurement, the carriage was 
lowered carefully (by turning the knob on the rack-and-p1n1onmechanlsm 
of the microscope) until the phosphor bronze wire was low enough to 
Intercept the upper laser beam. The Interception blocked the lig h t 
reaching the photodetector and was Indicated by the activation of the 
LED 1n the delay c irc u it. The reading on the vertical scale of the 
travelling  microscope was then taken. The carriage was then lowered 
further until the phosphor bronze wire Intercepted the lower laser 
beam and the reading on the vertical scale o f the travelling  micro­
scope was taken. The difference between the f i r s t  and the second 
readings gave the beam separation. Several measurements were taken 
for the beam separation, Including the vertical centerplane and the 
Inmediate v ic in ity  of the centerplane (within about 3 cm from either 
side of the centerplane), because rings of diameter as large as 6 cm 
were used in the experiment. The variation In the beam separation 
from one plane to another was less than about 0.6 percent. The beam 
separation was checked periodically to Insure the same separation
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throughout the experiment. The separation of the beams for the 
measurements in flu id  A was 5.387 +_ 0.013 cm and fo r the measurements 
in flu id  B, i t  was 5.222 +_ 0.008 cm. The velocities of the rings were 
calculated using these beam separations and the corresponding time of 
fa l l  between the two laser beams. The average of the time of fa l l  of 
at least four drops was taken in tne calculation of the velocity.
When measurements were made with d ifferen t boundaries, a s ig n if i­
cant variation in the temperature of the flu id  was observed. The 
temperature variation in flu id  A was as much as 2 °C and the variation  
1n flu id  B was as much as 3 °C. This variation 1n temperature 
corresponded to a change of 0.25 percent in the density and 5 percent 
in the kinematic viscosity of flu id  A, and a change of 0.24 percent 
1n tne density and 6 percent 1n the kinematic viscosity of flu id  B, 
respectively. This variation in temperature influenced the velocity  
measurement through the temperature dependence of the viscosity. Such 
variations were taken into account by using the product pU 1n calcula­
tions of the boundary effect (described in Chapter 3 ). The value of p 
appearing 1n the product pU 1s the value a t the temperature a t which 
the velocity was determined. The effective mass also depended upon 
the flu id  temperature through the temperature dependence of the flu id  
density. This dependence was mucn weaker and the correction was much 
smaller. In flu id  A the correction was less than 0.25 percent and in 
flu id  B, the correction was less than 0.27 percent. However, 1n most 
of the cases, the correction was Insignificant (less than about 0.1 
percent) and was Ignored. The reference temperature was again the 
temperature at which the velocity was determined and the temperature 
difference for which the correction needed to be applied was less than
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about 3.6 °C. The temperature measurements were taken with the 
mercury-1n-glass thermometer to an accuracy of +0.05 °C. The 
thermometer was suspended 1n the flu id  1n such a way that Its  bulb 
was always 1n the fa l l  space of the rings, when temperature measure­
ments were made. Periodically, the temperature was checked at 
several places inside the tank {or any boundary) including the 
bottom to Insure uniformity of temperature throughout the flu id .
Often temperature differences of the order of 0.15 °C were observed 
between the top and bottom layers of the flu id .
The inside diameters of the cylindrical boundaries or the inside 
widths of the square boundaries, having values greater than 15 cm, 
were measured with a measuring tape {uncertainty +1 mm) or with a 
meter scale (uncertainty +} mm). The diameters or widths, having 
values less than 15 cm, were measured with a vernier caliper (uncer­
ta in ty  +0.05 mm). The s ta b ility  of the rings (that 1s, the fraction  
of the drops 1n which the rings maintained a horizontal stable con­
figuration) while fa llin g  Inside larger boundaries was good (greater 
than about 80 percent). However, when the torus was close to the 
walls of a boundary, precise centering of the dropper and hence the 
torus, became very crucial. The s ta b ility  1n a close boundary varied 
from about 50 percent to about 20 percent. The following behavior 
was observed when the torus was s ligh tly  off-centered In i t ia l ly :  The
side closest to the wall (ca ll 1t the le f t  side) would fa l l  more 
slowly, so the right side of the torus would t11t  downward. The torus 
would then d r i f t  to the side as I t  fe l l  until the right side became 
close to the w all. Then the right side would fa l l  more slowly, the 
le f t  side would t i l t  downward, then the torus would d r i f t  to the le f t .
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This back and forth pattern would repeat I ts e lf  as the torus 
descended. The centering of the boundaries Inside the larger tank 
was done in the following manner: The vertical mid-planes of the tank
containing the flu id  and of the square boundaries were marked with 
vertical lines drawn at the mid-points of the top edges of the outer 
faces. The quadrants of the cylindrical boundaries were marked with 
vertical lines drawn on the outer surface of the cylinders. In the 
case of a square boundary that had been securely placed Inside the 
tank, the position was adjusted until the faces of the boundary were 
paralle l to the corresponding faces of the tank and approximately 
centered. Then two pieces of string were la id  over the top of the 
tank so as to make a rlght-angle cross at the center of the top of 
the tank and to H e over the vertical lines drawn on the outer faces 
of the tank so that each string would define a vertical m1d-plane of 
the tank. The strings were kept taut by means of weights suspended 
from their ends. The position of the boundary was then adjusted until 
each vertical mid-plane of the boundary coincided with the correspond­
ing vertical m1d-plane of the tank. When this was the case, the 
vertical lines (four lines 1n one direction and another four at right 
angles) defining the mid-plane of the tank and the boundary appeared 
to be 1n the same lin e . The same procedure was used with the 
cylindrical boundaries except that the In i t ia l  adjustment of the 
position of the boundary was only to make 1t approximately centered 
Inside the tank. The process was completed by measuring the distance 
from the outer surface of the boundary to the Inner surface of the 
tank and making sure that 1n the case of a square boundary the d1s­
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tance was consistent around the boundary, and In the case of a circular 
boundary the distance was consistent along a diameter of the boundary. 
The centering of the dropper was simpler. The holder IH in Fig. 4) 
on which the dropper rested was fixed to the cover of the tank and 
its  position was such that I t  was able to hold the dropper centered 
about the mid-plane perpendicular to the laser beams when the cover 
1s 1n place. The centering of the dropper about the m1d-plane 1n 
which the laser beams were found was accomplished by means of the 
screw S (Fig. 4 ), The rotation of the screw S caused the holder to 
move horizontally 1n the mid-plane perpendicular to the laser beams.
The base of the dropper {the platform on which the disks E are found, 
F1g. 3) had an opening at the center through which a long screw could 
be inserted and held ve rtica lly  1n place to use in the centering 
process.
CHAPTER 3 
RESULTS
A. Presentation of Data
The data and results are presented 1n Tables I I I  to X, and
are plotted In Figures 5 to 11. The measurements cover the
following range of parameters
0.027 < D/H < 0.91 ,
0.025 < D/H' < 0.865 ,
and
0.002 < R *= (UD/v) < 0.552 ,
where D is the diameter of a ring , H is the diameter of a
cylindrical boundary, H* 1s the width of a square boundary, U 
is the velocity of the ring Inside a boundary and v Is the 
kinematic viscosity of the f lu id . Comparison with the theory 
indicates that the experimental results fo r the drag on the open
torus agree with the results of Majumdar and O 'Neill and the results
for the drag on the closed torus agree with that of Dorrepaal, e t a l . 
The Investigation of the boundary influence in the boundary dominant 
region indicates that the experimental results for the open torus 
approach Frazer's results for a cylinder of In fin ite  length moving
parallel to an In f in ite  plane w all.
B. Boundary Effects
1. Influences of the free surface and bottom surface of the tank
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The Influences of the free surface at the top and of the solid 
wall at the bottom were studied by measuring the velocities of the 
rings TF1, TF3, PB4, and PB6 over a range of depths. The measure­
ments were done 1n the square tank of width 25.7 cm. The results are 
given 1n Table IV and are plotted In F1g. 5, which shows the variation  
of the quantity pll as a function of the distance from the bottom of the 
tank to the center of the f l ig h t  path bounded by the laser beams.
The open symbols represent data taken 1n flu id  B and the closed
symbols represent data taken 1n flu id  A. The primary conclusion to
be drawn from the results 1n Fig. 5 is that the influences of the top
and bottom surfaces can be neglected for measurements made near the
center of the tank. The mean values of pU for the rings TF1, TF3, and
PB4 1n flu id  B over a distance of about 25 cm near the center of the
tank are 7.494 + 0.038, 9.486 + 0.074, and 4.432 _+ 0.096 gm/sec^,
respectively. The mean values of pU for the rings TF1, TF3, and PB6
in flu id  A over a distance of about 25 cm near the center of the tank
2
are 7.545 + 0.019, 9.631 +_ 0.066, and 4.616 + 0,015 gm/sec , 
respectively. The velocities of the rings 1n the experiment are 
average values over a distance equal to the separation of the laser 
beams (5.3 or 5.2 cm). Keeping that lim ita tion  1n mind, one can draw 
a number of secondary conclusions: Let L be the thickness of the
region of Interaction of the torus with the top or bottom boundary, 
then (1) L Is approximately the same for the free surface as for the 
solid bottom, but 1s s lig h tly  larger a t the bottom, (2) L Increases 
with D but 1s re la tiv e ly  Insensitive to d, and (3) L decreases with 
p. Since the distance from the sidewall to the torus, 1s 10
to 12 cm fo r these rings, and L Is in the range 5 to 10 cm, one or
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F lu id
B
TABLE IV
DATA FOR THE TOP AND BOTTOM EFFECT
S* U
Ring cm cm/sec
TF 1 39.1 0.2144
36.6 0.2123
34.1 0.2107
31.5 0.2059
30.2 0.2082
28.9 0.2029
27.7 0.2052
26.4 0.2084
25.2 0.2106
23.9 0.2118
22.6 0.2123
21.4 0.2117
20.1 0.2139
18.8 0.2126
17.5 0.2135
16.3 0.2105
13.7 0.2111
11.2 0.2090
8.7 0.2054
6.1 0.2028
3.6 0.1948
TF 3 39.1 0.2671
36.6 0.2669
34.1 0.2711
31.5 0.2676
30.2 0.2558
28.9 0.2618
27.7 0.2584
26.4 0.2628
25.2 0.2675
23.9 0.2692
22.6 0.2692
21.4 0.2725
20.1 0.2711
18.8 0.2717
17.5 0.2716
16.3 0.2739
v P  pll
2am /sec gm/cm** 2gm/sec
36.05
36.45
36.72
36.95
0.9704
0.9708
0.9711
0.9714
7.500
7.511
7.513
7.390
36.73
37.82
37.60
36.85
0.9711
0.9723
0.9721
0.9712
7.425
7.463
7.498
7.458
36.95
36.40
36.40 
36.45
0.9713
0.9708
0.9708
0.9708
7.560
7.485
7.503
7.493
36.25
36.40
36.20
36.60
0.9706
0.9708
0.9705
0.9709
7.528
7.511
7.500
7.480
36.62
37.05
37.75
38.00
37.50
0.9710
0.9715
0.9722
0.9725
0.9720
7.507
7.524
7.538
7.495
7.101
36.15
36.45
36.85
36.40
0.9705
0.9708
0.9712
0.9708
9.372
9.445
9.702
9.456
37.65
37.30
37.32
37.17
0.9721
0.9717
0.9718
0.9716
9.362
9.489
9.373
9.493
36.70
36.55
36.12
36.25
0.9711
0.9709
0.9705
0.9706
9.534
9.552
9.439
9.588
36.10
36.00
36.17
36.05
0.9704
0.9703
0.9705
0.9704
9.499
9.491
9.536
9.581
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F lu id
A
TABLE IV  (c o n t in u e d )
S U v  p iiU
Ring cm cm/sec
13.7
11.2
8 .7
6.1
0.2695
0.2644
0.2613
0.2470
PB 4 39.1 
36.3
34.1 
31.5
0.1235
0.1190
0.1221
0.1209
30.2
28.9
27.7
26.4
0.1159
0.1211
0.1214
0.1231
25.2
22.6
21.4
20.1
0.1269
0.1274
0.1313
0.1292
18.8
17.5
16.3
13.7
0.1266
0.1277
0.1260
0.1268
11.2
8 .7
6.1
0.1252
0.1238
0.1179
TF 1 41.6
40.6  
39.3  
38.1
0.7744
0.7869
0.7929
0.7965
35.6
33.1
30.6
28.1
0.7995
0.7969
0.7974
0.7963
25.6  
23.1
20.6  
15.6
0.7966
0.7961
0.7944
0.7961
10.6
5.6
4 .7
0.7894
0.7589
0.7244
?
cnr/sec
3
gm/cm gm/sec
37.55
37.33
37.22
37.20
0.9720
0.9718
0.9716
0.9717
9.835
9.590
9.452
8.942
36.10
36.40
36.77
36.35
0.9705
0.9708
0.9712
0.9708
4.327
4.206
4.361
4.265
37.60
37.25
37.20
36.95
0.9721
0.9717
0.9717
0.9715
4.239
4.384
4.388
4.418
36.75
36.20
36.32
36.12
0.9712
0.9706
0.9707
0.9705
4.529
4.477
4.629
4.528
36.40
36.20
36.57
37.57
0.9708
0.9706
0.9710
0.9721
4.543
4.487
4.475
4.633
37.05
37.57
37.45
0.9715
0,9721
0.9720
4.507
4.523
4.294
9.74
9.74
9.74
9.74
0.9715
0.9715
0.9715
0.9715
7.327
7.446
7.503
7.536
9.74
9.74
9.74
9.75
0.9715
0.9715
0.9715
0.9715
7.565
7.541
7.545
7.543
9.76
9.77
9.78
9.79
0.9716
0.9717
0.9718
0.9719
7.554
7.558
7.551
7.575
9.81
9.82  
9.84
0.9720
0.9721
0.9723
7.527
7.245
6.93
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Fluid Ring 
TF 3
PB 6
# TABLE IV (continued) 
S U v P MU
an an/sec cm /sec gn/cm3 gn/sec
40.6 0.9279 9.82 0.9721 6.858
38.1 0.9889 9.82 0.9721 9.44
35.6 0.9994 9.82 0.9721 9.541
33.1 0.9998 9.82 0.9721 9.544
30.6 0.9994 9.83 0.9722 9.551
28.1 1.0070 9.84 0.9723 9.634
25.6 1.0072 9.84 0.9723 9.636
23.1 1.0057 9.84 0.9723 9.621
20.6 1.0098 9.85 0.9723 9.672
18.1 1.0091 9.86 0.9724 9.675
15.6 1.0150 9.87 0.9725 9.743
13.1 1.0106 9.86 0.9726 9.701
8.1 0.9531 9.88 0.9726 9.159
10.6 1.0019 9.88 0.9726 9.627
5.6 0.8361 9.89 0.9727 8.043
40.6 0.4584 9.90 0.9728 4.415
38.1 0.4756 9.90 0.9728 4.580
35.6 0.4816 9.90 0.9728 4.636
33.1 0.4797 9.90 0.9728 4.620
30.6 0.4804 9.89 0.9727 4.622
28.1 0.4814 9.86 0.9726 4.626
25.6 0.4804 9.88 0.9726 4.616
23.1 0.4808 9.88 0.9726 4.620
20.6 0.4807 9.88 0.9726 4.619
18.1 0.4815 9.87 0.9725 4.622
15.6 0.4807 9.86 0.9724 4.609
13.1 0.4824 9.86 0.9724 4.625
10.6 0.4797 9.85 0.9723 4.594
8.1 0.4637 9.63 0.9722 4.431
5.6 0.4186 9.80 0.9719 3.987
*S Is the distance from the bottom of the tank to the center 
of the f l ig h t  path bounded by the laser beams.
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Fig. 5
The variation of the product of velocity U and viscosity y 
with depth In the liq u id . The open and closed symbols represent 
values obtained In the flu ids of kinematic viscosity 36 cnr/sec 
and 9.7 cm2/sec, respectively.
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more of the secondary conclusions may be affected by the presence of 
the sidewalls. Temperature variations of the order of 2.5 °C were 
observed for the measurements of the velocity 1n the region 1n which 
the quantity pU 1s constant. Further, examination of the data of 
the ring TF1, for which the Reynolds number based on the outside 
diameter is less than 0.053, shows that the mean value of pU (7.494 
gm/sec ) obtained 1n flu id  B agrees with the mean value of pli (7.545 
gm/sec ) obtained in flu id  A. These observations Indicate the close 
inverse proportionality between U and p.
2. Relation between circu lar and square boundary effects
| I
Let F be the dlmenslonless drag, defined as m g/(3irp(JD), where 
m' is the measured effective mass, g is the local acceleration due to 
gravity (979.4 cm/sec ) and p, U, and D are measured values of 
viscosity, velocity, and outside diameter, respectively. Those rings 
for which data are available 1n both square and c ircu lar boundaries 
allow us to relate the two boundary shapes. The work of Happel and 
Bart has revealed the relation H * 1.10568 H (Eq. (1 .3 4 ), 1n Chapter 
1), between the diameter H of a cylindrical boundary and width H1 of 
a square boundary. We have found that the same equivalence holds for 
our torus data. This result 1s shown 1n Fig. 6, where data for the 
closed torus and for rings with sQ ranging from 2.655 to 82.98 are 
each brought Into coincidence by the use of the re lation  H * 1.10568 h ' .  
The values of F* used 1n these plots are given In Table V I. The open 
symbols represent values obtained In boundaries of c ircu lar cross* 
section and the closed symbols represent values obtained 1n 
boundaries of square cross-section. The solid curves were obtained
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F1g. 6
The variation of dlmenslonless drag F with the ra tio  of torus 
diameter D to boundary diameter H. The open and closed 
symbols represent values obtained In boundaries of circular 
and square cross-section* respectively. The solid curves 
were obtained from Eq. (3 .1 ).
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from Eq. (3 .1 ).
3. The weak boundary region
The data for rings having values of D/H less than about 0.5 can
be treated as being 1n a region where the boundary Influence 1s weak. 
They have been brought together by means of the correlation repre­
sented by Eq. (3 .1 ). The boundary Influence was Investigated by 
examining the values of the dlmenslonless drag F* 1n d ifferen t 
boundaries. The velocities of the rings used 1n this study are 
given in Table V and the values of f ' are given 1n Table V I. The 
uncertainty in velocity ranged from 0.1 percent to 0.7 percent and
I
the uncertainty 1n F ranged from 1.1 percent to 1.7 percent.
The data of Table VI show that when the size of the boundary
was decreased, the dlmenslonless drag on the torus Invariably 
Increased. However, the quantitative relation between F* and H was 
found to be more complicated than expected from the theory for small
jp £1
partic les. * Several empirical schemes were tried  1n an e ffo rt to 
devise a re liab le  method for extrapolating to the case of a flu id  of 
in f in ite  extent. The method f in a lly  adopted was as follows: I t
was observed that when F* was plotted versus H ~ \ the resulting  
curves always had positive curvature (typical curves are shown 1n 
F1g. 6 ). The curves could be made linear by plotting F1 versus 
(H-tt)~^ and adjusting the value of a (a positive, empirical parameter) 
to obtain the best linear least-squares f i t  to the experimental values. 
The resulting values of a for the d iffe ren t rings were then examined 
to find th e ir dependence on the ring dimensions. I t  was found that a
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TABLE V
VELOCITIES OF RINGS IN DIFFERENT BOUNDARIES 
AND THE CORRESPONDING VISCOSITIES
U in cm/sec and 
(m in gm/cm.sec)
Ring H * 23.6cm 21.625cm 13.352cm 8.918cm 7.102cm 4 .346cm
H' * 25.7cm 14.116cm 8.931cm 6 .306cm 4.440cm ------------
CT 1.9543 1.8472 1.5644 1.2013 1.0373 0.4922’
(36.38) (35.80) (36.45) (37.07) (35.74) (38.12)
2.0351 1.7343 1.3386
(3S.86) (36.20) (35.90)
TF 1 0.2129 0.2148 0.2076 0.1945 0.1896 0.1598
(36.37) (35.49) (35.21) (35.84) (35.30) (36.58)
0.2208 0.2043 0.1968 0.1845 0.1711 ------------
(34.71) (36.48) (35.76) (36.00) (35.80)
TF 12 0.2728 0.2704 0.2498 0.2169 0.1977 0.1436
(36.12) (36.08) (35.44) (35.90) (35.41) (36.97)
0.2664 0.2483 0.2216 0.1940 0.1623 — -
(36.32) (36.38) (36.24) (36.06) (35.21)
TF 5 0.2701 0.2799 0.2223 0.1657 0.1416 _  _ _ _
(37.58) (35.48) (35.29) (35.93) (36.15) ------------
0.2936 0.2368 0.1771 0.1362 -------- ------------
(35.16) (36.08) (36.13) (35.85) --------- ------------
PB 2 0.1092 0.1110 0.1077 0.1031 0.0993 0.0874
(36.21) (35.39) (35.11) (35.94) (35.92) (37.58)
PB 24 0.1281 0.1134
------------ (35.53) (36.04) — — ------------
0.1272 0.1151 0.1031 0.0876 0.0765 — —
(36.36) (36.56) (36.34) (36.42) (35.95) -------
PB 26 0.1237 0.1272 0.1117 0.10003 0.0882 0.0672
(37.45) (35.64) (36.40) (35.33) (35.69) (35.99)
0.1310 0.1159 0.0998 0.0856 0.0717 - —
(35.41) (36.08) (36.60) (36.47) (36.54) -------
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TABLE V (continued)
Ring H » 23.6cm 21.625cm 13.352cm 8.918cm 7.102cm
H* - 25.7cm 14.116cm 8.933cm 6.306cm 4.440cm
PB 29 0.1256
(37.31)
0.1309
(36.03)
0.1278
(35.80)
0.1150
(36.11)
0.1113
(35.58)
0.0976
(35.67)
0.0914
(36.21)
0.0795
(36.70)
0.0825
(35.97)
0.0687
(36.67)
CU 16
0.1897
(36.16)
0.1922
(35.58)
0.1721
(36.41)
0.1506
(36.31)
0.1293
(36.21)
0.1086
(35.88)
CU 28 0.1829
(37.39)
0.1873
(35.73)
0.1615
(35.83)
0.1329
(36.91)
0.1262
(35.89)
CU 31
0.1279
(34.36)
0.1236
(35.37)
0.1066
(35.98)
0.1032
(35.48)
0.0854
(36.90)
0.0842
(35.62)
0.0735
(36.78)
0.0754
(36.43)
4.346cm
0.0664
(36.66)
0.0886
(37.68)
*T1me of f lig h t was measured manually.
TABLE VI
VALUES OF THE DIMENSIONLESS DRAG f ' OBTAINED IN DIFFERENT BOUNDARIES
f ‘ = m 'g / O T T u U D )
Ring H = 23.6 cm 
H'= 25.7 cm
21.625 cm 
14.116 cm
13.352 cm 
8.931 cm
8.918 cm 
6.306 cm
7.102 cm 
4.440 cm
4.346 cm i*FOO
CT 1.1855
1.1553
1.2752
1.3413
1.4772
1.7536
1.8888 2.2760 4.4725 0.9406
TF 1 0.9177
0.9291
0.9341
0.9529
0.9743
1.0098
1.0192 
1.0698
1.0639 
1.1602
1.2155 0.8782
TF 12 0.9055
0.9213
0.9138
0.9869
1.0075
1.1102
1.1448
1.2747
1.2746
1.5616
1.6781 0.8060
TF 5 0.9554
0.9409
0.9781
1.1356
1.2371
1.5166
1.6300
1.9881
1.8957 ------- 0.7107
PB 2 0.7719 0.7770 0.8073 0.8236 0.8557 0.9293 0.7275
PB 24
0.7113
0.7230
0.7812
0.8046
0.8782 1.0311 1.1966 -------
0.6152
PB 26 0.7125
0.7117
0.7281
0.7898
0.8119
0.9034
0.9337
1.0571
1.0491
1.2599
1.3648 0.5998
PB 29 0.7116 0.7290 0.8423 1.0077 1.1235 1.3694 0.5737
0.7073 0.8035 0.9566 1.1440 1.3248 ------- ------ O '
TABLE VI (continued)
Ring 
CU 16 
CU 28
H = 23.6 cm 21.625 cm 
H,= 25.7 cm 14.116 cm
0.7602
0.7510
0.7627
0.8322
0.7672
13.352 cm 
8.931 cm
0.9537
0.8876
8.918 cm 
6.306 cm
1.1140
1.0470
7.102 cm 
4.440 cm
1.3392
1.1840
4.346 cm
1.5379
CU 31
0.7541
0.7604
0.8666
0.9081
1.0542
1.1088
1.2303
1.2093
*  ,
Fm is the extrapolated value of F in a fluid of in fin ite  extent.
• *
Fm
0.6493
0.6103
0.5648
CT>N>
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could be well represented by -nd/s^, a length which 1s the square 
root of the surface area of the torus. The slopes of the straight 
lines , with at equal to " d /^ ,  were found to depend primarily on D 
but also were weakly dependent on sQ, being proportional to D(s ) ”®’®®. 
The other empirical schemes attempted were (1) quadratic and cubic
£  ^  I
least-squares f i ts  to the experimental values of F versus D/H, (2) 
quadratic and cubic least-squares f i ts  to F* versus D/(H-D),6  ^ and (3) 
linear least-squares f i ts  to F* versus ( D/H)n, where n was adjusted 
to give the best f i t  (and was found to be 1n the range 1.1 to 1 .5 ). 
Although these approaches gave extrapolated values of F* that were 
consistent (to within 2 or 3 percent) with the approach f in a lly  
adopted, we were unsuccessful 1n obtaining an overall correlation  
of the data for a ll the rings with the above three approaches, A
I 1
successful correlation was achieved with the F versus (H-a) approach, 
as shown 1n Fig. 7. In these correlation schemes, a square boundary 
of side h ‘ was treated as equivalent to a c ircu lar boundary of 
diameter 1.1057 H*.
A linear least-squares f i t  to the data of F1g. 7 (excluding the 
closed torus because of its  in e rtia l correction -  4*tcussed in the
ft 1 ft A
section on 'In e r t ia l E ffects ') with a zero Intercept * gives the
following empirical relation:
c' D(s ) ’ 0*05
- 1 - (2.089 + 0.023) -----  —  , (3 .1)
Fw "  (H-nd/s0)
where F* I s the dlmenslonless drag In a flu id  of In f in ite  extent.
The empirical coeffic ient 1n Eq. (3 .1) 1s very close to the theoretical
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An empirical correlation of the weak boundary e ffe c t. The open 
and closed symbols represent values obtained with the c ircu lar 
and square boundaries, respectively. The slope of the solid  
line  has the same value as a sim ilar result obtained by Brenner 
fo r a p artic le  of arb itrary  shape.
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value of 2.104 for a sphere moving along the axis of a cylindrical 
boundary. Therefore, when sQ is small, Eq. (3 .1 ) approaches 
Brenner's result for a spherical partic le  (Eq. (1.32) applied to a 
sphere). However, when sQ is not small, Eq. (3 .1) indicates that, 
in contrast to Brenner's resu lt, the boundary effect is influenced 
by the geometry of the moving body ( sq ) as well as the geometry of 
the boundary (H) and the value of D/H. The empirical coeffic ient in 
Eq. (3 .1 ) does not change when the data for the closed torus are 
included.
4. The boundary dominant region
The s im ila rity  between the problem of a torus and that of a 
cylinder, in the strong boundary case, was indicated 1n Chapter 1 
by discussing the solution of Frazer. According to Eq. (1 .3 9 ), 
the drag F on the torus could be written proportional to
4n^nUs0d/cosh“^ t( H/d) - sQ] . The data given in Table VII were 
examined in the lig h t of the above result.
We shall define a new dlmenslonless drag Y by the relation
F 3^ 0 + 1 )F '¥ 5 —r   i . -s . (3-2)
4« uUsQd 4,so
and a boundary parameter X by the relation
cosh - sQ)j 1 • (3 .3 )
In terms of Y and X, Frazer's result 1s given by Y -  X. Frazer's
result and the experimental values of Y are presented 1n Fig. 6. 
In every case the values of Y are larger than the values of X.
X =
6 6
TABLE V I I
DATA FOR RINGS IN THE BOUNDARY DOMINANT CASE
H U V ★ ** itltit
Ring cm cm/sec gm/(cm.sec) X Y E
PB 51 4.346 0.05935 38.24 0.3268 0.3560 9.9029
PB 50 0.06108 38.17 0.3074 0.3473 7.8362
TF 36 0.2358 34.86 0.6526 1.1105 6.1058
TF 320 0.3276m 36.13 0.7902 1.7588 5.7438
TF 319 0.3239^ 36.13 0.6984 1.7935 4.0595
PB 29 0.06644 36.66 0.2570 0.3309 3.4896
CU 28 0.08857 37.70 0.2677 0.3739 2.7145
TF 317 0 .3085m 36.10 0.5922 1.8591 2.4080
TF 38 0.2241 35.65 0.4759 1.1489 2.2359
TF 316 0.3095 36.47 0.5601 1.8926 1.9602
PB 26 0.0672 36.00 0.2246 0.3308 1.5069
TF 210 0.2829 37.47 0.4057 0.8715 1.0545
TF 12 0.1436 37.00 0.2894 0.4521 0.4536
CT 0.4922 38.16 0.6456 2.1337 0.
TF 35 7.102 0.5555 35.10 0.5743 1.0237 5.0376
TF 328 0.5701 35.66 0.5215 1.0241 3.5738
PB 4 0.0786 36.01 0.2258 0.2834 3.2622
TF 327 0.5633 35.67 0.4777 1.0339 2.6630
RB 42 0.1431m 36.48 0.4619 1.0213 2.4941
TF 326 0.5603 35.61 0.4487 1.0419 2.0664
CU 31 0.07544 36.44 0.2092 0.2916 1.6394
RB 41 0 .1554m 36.71 0.4250 1.0250 1.6292
TF 39 0.3477 37.25 0.3598 0.7319 1.4322
TF 324 0.6140 35.36 0.4065 0.9583 1.3204
TF 5 0.1416 36.14 0.2857 0.4737 1.3111
TF 36 0.3665 37.25 0.3330 0.6673 0.9544
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TABLE V I I  (c o n t in u e d )
H
Ring cm
TF 320 
TF 38 
TF 210 
CT
TF 5 8.918
CT
PB 4 13.352
TF 3 
PB 33
PB 29 4.909*a*
PB 26 
CU 16
CU 31 6.972(aJ
TF 5 
TF 210 
TF 312
u
cm/sec
M *
gm/(cm.sec) X
**
Y
* * *
E
0.7580 35.04 0.3778 0.7843 0.8618
0.4102 36.86 0.3158 0.6065 0.6472
0.4978 36.89 0.3028 0.5032 0.4118
1.0373 35.71 0.4507 1.0876 O.
0.1657 35.92 0.2519 0.4073 0.8076
1.2013 37.08 0.4009 0.9015 0.
0.1016 35.23 0.1673 0.2240 0.6805
0.1943 35.05 0.2231 0.3362 0.6328
0.1042 35.19 0.1656 0.2194 0.5704
0.06865 36.69 0.2302 0.3200 2.1911
0.07168 36.53 0.2113 0.3056 1.1322
0.1086 35.87 0.2209 0.3276 0.8733
0.07346 36.81 0.2113 0,2965 1.7238
0.1362 35.85 0.2887 0.4967 1.3724
0.4934 36.01 0.3053 0.5205 0.4240
0.9061 35.98 0.3439 0.6406 0.3506
mT1me of f l ig h t was measured manually. 
*X - tcosh-1^  - s0) Y ]
**  m' n 3(s_ + DP'm g m o_______
y -  24tr uUsQd 4tts0
* * *  2bE
(H - D)
^These values were calculated from the square boundary dimensions 
4.440 and 6.306 cm respectively, using Eq. (1 .34).
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Fig. 8
Experimental results fo r the strong boundary e ffe c t. Y and X 
are, respectively, the dlmenslonless drag and the boundary 
parameter suggested by the solution of Frazer and defined 1n 
Eqs. (3 .2 ) and (3 .3 ). The dashed curves were calculated from 
Eq. (3 .1 ). The numbers next to some of the experimental points
are values of E ■ 2b/(H - D). For the main figure the symbols
are the same as 1n F1g. 11. For the Inset the symbols are the
same as 1n Fig. 7.
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Examination of the values of Y with respect to X, D/H, and 
E * [2b /(H -D )], where 2b Is the diameter of the hole of the torus 
revealed that the data belong to two groups. The parameter E appeared 
to be of prime Importance 1n defining these groups. Values of E are 
written by some of the symbols In F1g. 8. The group having values of 
E greater than 2.2 c learly  departed from the others. Let us call this 
group 'group B '. The data points having values E less than 2.2 
belonged to the other group. Let us call I t  'group A '. For the 
closed torus the value of E was zero. The dependence of the parameter 
Y on the parameter X was Investigated by studying the behavior of the 
quantity [(Y -X )/X ] with d ifferent boundary parameters (example:
X, E, e tc .) .  The data 1n group A were sensitive to X and appear to
approach a common curve, represented by the empirical relation
Y * X + (7.04 + 0-21) X3 . (3.4)
Equation (3.4) was obtained by performing a least-squares f i t  with 
zero Intercept to the data defined by the variables C(Y-X)/X] and X . 
Equation (3.4) represents data In group A well to the extent that for 
X > 0.35, the average deviation 1s 4 percent. The deviation was
calculated as the difference between the experimental value of Y and
the value calculated from Eq. (3 .4 ). For smaller values of X, the 
departure from the empirical relation given by Eq. (3.4) and the 
approach to the results of Majundar and O 'Neill In an In fin ite  
f lu id  medium are shown by the dashed curves In Fig. 8, which were 
calculated from Eq. (3 .1 ).
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Examination of the data in group B Indicated that the 
experimental values of Y may be approaching Frazer's line for large 
values of E and large values of sQ (typical examples are the rings 
PB50 and PB51). The study of the dependence of the quantity 
[(Y-XJ/X] on E and s0 (equal to (D-d)/d) revealed that the results 
could be represented fa ir ly  well (average deviation was 
about 5 percent) by the relation
i + (20.3 + 0.5) -S i­
de*
where the parameter (— r) can also be expressed as
DE*
(3.5)
d _ 1 (H-D) % _ 1 (y-a) h
DE*5 <so + 1) 2b i r 0- n ) a(s0 * 0
9 (3.6)
where 2a = d and y = (H-D+d)/2. Thus, the conditions necessary for 
the results to be approximated by Frazer's equation Y ■ X are that sQ 
needs to be large and the dlmensionless gap (y -a )/a  needs to be small. 
However, 1t should be emphasized that Eq. (3 .5 ) 1s empirical and 1s 
based upon a small number of experimental points. In Fig. 9, we have
plotted the data 1n group B as l(Y-X)/X] versus —r
DE*
C. Inertia l Effects
Brenner studied the Oseen resistance of a partic le  of arb itrary  
shape. His result 1s given in Eq. (1 .24 ). I f  we tentative ly take the 
Stokes drag fo r the torus to be given by the solution of Majumdar and 
O'Neill (th is  1s discussed In Section D), then the f i r s t  order
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Fig. 9
An empirical correlation of the experimental results In the 
boundary dominant region. The symbols are the same as 1n 
Fig. 11.
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in e rtia l correction is (3/16) FJl, where R = UD/v is the Reynolds 
number based on the outside diameter of the torus, and is the 
dlmensionless drag, values of which are given 1n Table I I .  Except 
for the closed torus, the in e rtia l correction (yg- F^R) for the data 
presented in Fig. 7 and the additional data shown 1n Fig. 11 did not 
exceed 0.9 percent and was typ ica lly  less than 0.3 percent. Brenner 
and Cox derived a second order correction which is negative for R < 1, 
so the f i r s t  order term overestimates the in e rtia l correction for our 
data. The result of Brenner and Cox is given in Eq. (1 .25 ). The 
Reynolds number for the data presented In F1gs. 7 and 11 was less 
than 0 .06 . The Reynolds number for the data presented 1n Figs. 8 
and 9 was less than 0.09 and the f i r s t  order in e rtia l correction was 
less than 1.4 percent. This upper lim it of In e rtia l correction for 
the data 1n the boundary dominant region appeared to be s ignificant 1n 
comparison to the upper lim it of the In e rtia l correction to the data 
In the weak boundary region. However, for those rings 1n the boundary 
dominant region with higher In e rtia l corrections, the ra tio  of D/H 
was greater than about 0.2B, so correction for the boundary effect 
was more important than the In e rtia l correction. A typical example 1s 
the work of Sutterby on spheres. His results show the predominance of 
the boundary effects over the In e rtia l effects at small Reynolds 
numbers of the order of 0 .1 , as the ra tio  D/H increases. Therefore, 
for the data presented 1n Figs. 7, 8, 9, and 11, which were taken 1n 
flu id  B, the in e rtia l effects were considered to be negligibly small, 
except for the closed torus.
73
For the closed torus, the f i r s t  order In e rtia l correction was 3 
percent, which was too large to neglect. However, as shown 1n Fig. 7, 
the closed torus had a boundary correction quite sim ilar to that for 
a sphere, so we attempted to correct for both In e rtia l and boundary 
effects for the closed torus by using the tables presented by 
Sutterby, which Include both boundary and In e rtia l effects for a 
sphere moving along the axis of a cylindrical tube. Some of his data 
are given 1n the Table IX. For our data, three of the D/H values for 
the closed torus fe l l  within the range of D/H values 1n Sutterby's 
tables: the value for the square boundary of side 25.7 cm (for which
we used H ■ 28,42 cm), and the values for the c ircu lar boundaries of 
diameters 23.6 cm and 21.625 cm. The values of dlmenslonless drag 
(F^) obtained using Sutterby's results for these three points are 
0.9409, 0.9215, and 0.9664. The values were obtained by calculating
the parameter K which 1s equal to * where f ' 1s the dlmenslonless
Foo
drag In a mediun of In fin ite  extent and at zero Reynolds number. The
Reynolds numbers for the closed torus 1n these three boundaries were
0.119, 0.110, and 0.090, and the values of D/H were 0.088, 0.106, and
0.116, respectively. The Reynolds number used here was defined as
Res * (U°P/bs)» where us ■ {m'g/3irDU). The average of the values of
F* was 0.943, and the standard deviation was 0.022. This average 
00
value agreed well with the value of 0.9406 obtained from the empirical 
correlation (F1g. 7) and with the theoretical value (value of 
Dorrepaal e t a l .)  0.9353. Therefore, the nunber 0.943 + 0.022 was
I
taken as the experimental value of F  ^ fo r the closed torus.
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The data for rings with f i r s t  order in e rtia l correction (jg- F^R) 
greater than about 1 percent and less than about 7.3 percent and with 
values of D/H less than 0.13 were used to examine the combined boundary 
and in e rtia l corrections on the basis of the results of Sutterby.
Data for rings are given in Table V I I I .  Sutterby's results are 
given in Table IX. The parameter K 1n Table IX represents simultaneous 
wall and In e rtia l corrections for spheres such that
K ’  5tokls°BraSe(s£|lBu! • The Reynolds number Res 15 45 def1ned 
before. The parameter is the value of K of a sphere of diameter 
D moving inside a boundary of diameter H with velocity U, containing 
a flu id  of viscosity u , where u » (m'g/3itUD). The quantity m'g is 
the measured drag of a ring of outside diameter D, moving inside a 
boundary of diameter H with the velocity U* containing a flu id  of 
viscosity y. The results of Sutterby given in Table IX can be well 
represented by relations of the form,
K = A(R )n + K , for a given (D/H) ratio  (3.7)c j U
and
K * B + K0 » for a given value of RfiS /  0 . (3.8)
For R ■ 0, the values of K can be represented by the result due to
Faxen55, that 1s;
K * [1 - 2.104 (D/H) + 2.09 (D/H)3 -  0.95 (D/H)5] ' 1 . (3 .9 )
The exponents n range from 0.947 to 2.158 and the exponents m range 
from 1.413 to 1.912. The agreement between the values of K in Table 
IX and the values calculated using Eq. (3 .7 ) or Eq. (3 .8 ) 1s better
TABLE V III
DATA FOR SIMULTANEOUS BOUNOAF
U in cit/s D/H *
Rina (u in gm/cm sec) (H in on) R_
TF 309 1.8119 0.07494 0.1045
(35.84) (28.42)
TF 310 1.8570 0.08035 0.1147
(35.89) (28.42)
TF 311 1.8663 0.08611 0.1233
(35.94) (28.42)
TF 206 0.8633 0.09015 0,0459
(35.60) (21.625)
TF 210 0.9533 0.09078 0.0668
(35.73) (28.42)
TF 312 1.8975 0.09152 0.1337
(35.81) (28.42)
TF 309 1.7217 0.09849 0.0996
(35.71) (21.625)
TF 310 1.7607 0.10559 0.1091
(35.76) (21.625)
AND INERTIAL EFFECTS
( 0
**
k
K
r K
1.0155
(0.8840)
1.1029 1.1487 1.1871
1.0221
(0.8775)
0.1122 1.1648 1.2032
1.0242
(0.8700)
0.1204 1.1773 1.2208
1.0092
(0.8525)
0.0454 1.1839 1.2324
0.9791
(0.8275)
0.0682 1.1831 1.2346
1.0230
(0.8625)
0.1307 1.1861 1.2378
1.0726 
(0.8840)
0.0929 1.2133 1.2596
1.0820
(0.8775)
0.1008 1.2331 1.2833
TABLE V III  (continued)
I
F
U 1n cm/s 
k  1n_jH/c» sec)
D/H 
(H In a ) £
**
es Kr
TF 213 0.9498
(35.58)
0.10761
(28.42)
0.0792 0.9892
(0.8075)
0.0801 1.225 1.2897
TF 210 0.0928
(36.58)
0.10932
(23.6)
0.0618 1.0096
(0.8275)
0.0612 1.2201 1.2952
TF 312 1.7780
(36.48)
0.11021
(23.6)
0.1231 1.0717
(0.8625)
0.1149 1.2425 1.2991
TF 311 1.7618
(35.78)
0.11317
(21.625)
0.1169 1.0899 
(0.8700)
0.1073 1.2528 1.3092
TF 38 0.9658
(35.72)
0.11342
(28.42)
0.0846 0.9913
(0.8050)
0.0853 1.2314 1.3097
TF 316 1.9377 
(36.52)
0.1140
(28.42)
0.1669 1.0552
(0.8450)
0.1582 1.2488 1.3130
TF 210 0.8948
(35.59)
0.1193
(21.625)
0.0629 1.0473
(0.8275)
0.0601 1.2656 1.3299
TF 312 1.7654
(35.54)
0.12027
(21.625)
0.1253 1.1081
(0.8625)
0.1131 1.2848 1.3343
TF 1 0.8024
(9.47)
0.02290
(28.42)
0.0536 0.9348
(0.8900)
0.0573 1.0504 1.0530
0.7859
(9.34)
0.04169
(15.61)
0.0532 0.9684
(0.8900)
0.0549 1.0881 1.0967
0.7245
(9.63)
0.06590
(9.875)
0.0476 1.0159
(0.8900)
0.0469 1.1414 1.1607
TABLE
U In an/s D/H
Ring U in m/cm sec) (H in cm)
Cu 11 2.5149 0.07309
(9.46) (28.42)
PB 10 0.4826 0.07593
(9.47) (28.42)
TF 13 1.0691 0.07941
(9.47) (28.42)
TF 1 0.7089 0.09334
(9.29) (6.972)
PB 8 0.4721 0.09926
(9.47) (28.42)
TF 7 1.1186 0.10139
(9.48) (28.42)
*R -  (U O p /p )
V III (continued) 
F'
★
R_ (C )
**
Kr Ss.
0.5363 0.8283
(0.7225)
0.6475 1.1464 1.2033
0.1068 0.7258
(0.6285)
0.1472 1.1547 1.1905
0.2474 0.9030
(0.7690)
0.2740 1.1742 1.2026
0.0482 1.0794
(0.8900)
0.0047 1.2128 1.2424
0.1366 0,7330
(0.6075)
0.1864 1.2066 1.2636
0.3303 0.9076
(0.744)
0.3639 1.2199 1.2735
TABLE IX
RESULTS (VALUES OF K) OF SUTTERBY FOR SPHERES
*
M = 0.0 M 0.4 0.6 0.8 1.0 £
0.00 1.0000 1.0331 1.0639 1.0941 1.1241 1.1519 0.947
0.01 1.0215 1.0423 1.0706 1.0980 1.1251 1.1529 1.106
0.02 1.0439 1.0559 1.0792 1.1050 1.1303 1.1570 1.307
0.03 1.0673 1.0748 1.0919 1.1157 1.1409 1.1661 1.515
0.04 1.0917 1.0970 1.1100 1.1311 1.1550 1.1795 1.678
0.05 1.1172 1.1213 1.1321 1.1500 1.1720 1.1950 1.772
0.06 1.1439 1.1473 1.1556 1.1700 1.1903 1.2121 1.888
0.07 1.1717 1.1751 1.1803 1.1923 1.2100 1.2300 1.979
0.08 1.2008 1.2031 1.2074 1.2161 1.2311 1.2500 2.158
0.09 1.2313 1,2338 1.2380 1.2460 1.2582 1.2752 2.018
0.10 1.2631 1.2660 1.2709 1.2783 1.2900 1.3055 1.848
0.11 1.2964 1.29% 1.3041 1.3117 1.3230 1.3373 1.778
0.12 1.3313 1.3345 1.3391 1.3463 1.3571 1.3700 1.712
0.13 1.3679 1.3709 1.3754 1.3823 1.3920 1.4034 1.661
m 1.413 1.601 1.743 1.863 1.912
*
R ■es (UDp/ys) , where us
_ D^(o-p)q 
16U , D is the sphere diameter,a  is the sphere density, i
fluid density and U is the sphere fa ll velocity.
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than 0.21 percent. The values of Ksp appearing in Table V I I I  were 
determined by using Eq. (3 .9 ), Eq. (3 .8 ), and Eq. (3 .7 ). The 
parameter Kr in Table V II I  Is the ra tio  (F '/F^) for a ring of 
outside diameter D, where F1 is the dimenslonless drag 
(m'g/37TpUD) calculated for a bounded and in e rtia l f lu id  and F  ^ 1s 
the dimensionless drag given by the results of Majumdar and O 'N e ill.
The values of K are plotted versus K In Fig. 10. The results
W
are well represented by the empirical re la tion ,
Kr * (0.767 + 0.027) «sp + (0.242 + 0.034) . (3.10)
The values of Kr calculated by using Eq. (3.10) agree with the 
experimental values (that 1s, values of Kr In Table V I I I )  to within 
1.6 percent. Equation (3.10) Indicates that the combined boundary 
and In e rtia l correction for the data of rings presented 1n Table V III  
1s related to the combined boundary and In e rtia l correction for spheres
in a simple manner. According to Eq. (3.10) the value of Kr
when K$p * 1 1s 1.009 +, 0.043. This should be the case, because 
for an inertialess flu id  of in f in ite  extent, the value of Kr is 1
and the value of K 1s also 1.sp
D. Comparison with Theory
The values of the dlmenslonless dra *' 1n the weak boundary 
region, extrapolated to a flu id  of In f la t e  extent by means of Eq. 
(3 .1 ) ,  are presented In Fig. 11 and are given 1n Table X. For the 
rings of small sQ, the calculated standard deviations are Indicated 
by error bars. The standard deviations ranged from 2.6 percent to
1.3
T F
CU8 LOPE 0*767
P 8
1.0
1.31.2 1.41.1
•P
Fig. 10
An empirical correlation between the combined boundary and 
In e rtia l e ffect for a torus and the results of Sutterby for 
a sphere.
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TABLE X
VALUES OF F' 
00
0.943CT
RB 45 
RB 46 
RB 47 
TF 201 
TF 1 
TF 202 
TF 21 
TF 206 
RB 34 
TF 12 
TF 13 
TF 7 
PB 2 
CU 11 
TF 5 
TF 3 
CU 16 
CU 28 
PB 24 
PB 25 
PB 26 
PB 29 
PB 51 
CU 31 
PB 33 
PB 4
V j
1
1.427
1.782
2.055
2.200
2.655
2.674
4.421
4.535
5.248
7.737
11.621
14.818
15.841
18.507
21.571
28.332
40.481
55.209
56.177
56.801
64.159
82.976
96.915
97.115
119.903
134.585
0.9074
0.8945
0.8924
0.8918
0.8782
0.8624
0.8760
0.8495
0.8661
0.8060
0.7854
0.7533
0.7275
0.7168
0.7107
0.6842
0.6493
0.6103
0.6152
0.6220
0.5998
0.5737
0.5647
0.5648
0.5548
0.5410
1s the standard deviation 1n F* .to
x 100
2.33
2.63
1.18
1.23
0.76
0.56
0.78
0.79
0.74
0.82
1.16
0.82
1.21
1.77
1.27
2.13
1.04
1.38
1.85
1.36
0.82
0.93
0.92
1.22
0.9
0.87
0.81
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Comparison between our experimental results and the solution 
of Majumdar and O 'N e ill.
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0.56 percent. The points 1n F1g. 11 without error bars have 
standard deviations of about 1 percent on the average, which 1s 
approximately the size of the symbols. For sQ < 60, our experi­
mental results agree well (80% of the results agree within the 
calculated standard deviations) with the theoretical results of 
Majumdar and O 'N e ill. For sQ>60, a ll the experimental results 
are lower than the theoretical results and He as much as 3 percent 
below the theoretical curve. For these data the boundary correction 
1s large, as large as 34 percent, so the small difference between 
theory and experiment 1n this region may Indicate slight 
inaccuracies 1n our empirical boundary correction for large sQ.
On the whole, there 1s good agreement between our experimental 
measurements and the theoretical results of Majumdar and O 'N e ill.
In the boundary dominant region, our experimental results Indicate 
that the dlmenslonless drag Y approaches the theoretical results of 
Frazer, I f  sQ 1s large and 1f the dlmenslonless gap (y -a )/a  1s 
small. The condition, £ > 2.2 [£ * (h-D )^’ may be expressing the 
predominance of the viscous Interaction between the boundary and the 
torus over the viscous Interaction between one part of the torus and 
another. The diameter "2b" 1s the width of the flu id  region In the 
hole of the torus and the quantity (H-D)/2 1s the width of the flu id  
region between the torus and the boundary. Each quantity
[iiH U . an(j gk] length over which each of the above viscous
interactions prevail and may be thought of as representatives of the 
respective Interactions. The greater the length, the weaker is the 
Interaction or the Influence.
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In the boundary dominant region, the experimental data for 
E > 2 .2 , can also be brought together by the relation
G = 4.4[1 - exp(-0.75E)] , (3.11)
where
F’ (2b)2' 75 
(D)2*5 (d)0 ' 25
(3.12)
The results are presented in the Figure of G versus E, in 
Appendix I I I .
CHAPTER 4 
SUMMARY AND CONCLUSIONS
We summarize here the major results of our study: (1) When
boundary effects are taken Into account, the experimental drag 
measurements are 1n good agreement with the solution of Majumdar 
and O 'Neill for the open torus, for values of s0 as large as 135, 
and with the solution of Dorrepaal, et al_., for the closed torus. 
This result is shown in Fig. 11. (2) When boundary effects are
weak, the influence of a boundary of square cross-section (side 
H1) on the drag compared to the influence of a boundary of 
circu lar cross section (diameter H) was found to be the same for 
a torus as calculated by Happel and Bart for a sphere, namely H *
1.10568 H '. This result is shown 1n Fig. 6. (3) An empirical
correlation, given by Eq. (3 .1 ) and shown in Fig. 7, was
obtained for the weak boundary e ffec t. When ird i^  << H (that Is ,  
when sQ 1s small) the correlation is consistent with the result 
obtained by Brenner for small partic les. When *d /sQ 1s not small 
compared to H, the correlation Indicates that the geometrical 
parameters of the torus must be Included 1n the calculation of the 
boundary e ffe c t. (4) When the boundary influence 1s strong, the
results fa l l  Into two categories: I f  E = 2b/(H-D) < 2 .2 , then the
dlmenslonless drag Y [defined 1n Eq. (3 .2 ) ]  1s related to the 
boundary parameter X [defined in Eq. (3 .3 ) ]  by Y « X + (7.04 + 0.21) 
X^. I f  E > 2 .2 , then Y approaches Frazer's result ( Y*X) In a manner
Indicated by the equation Y ■ X[1 + (20.3 + 0.5) - t - ) .  (5) The
— nr^»
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combined In e rtia l and boundary effect for the torus Is related by 
Eq. (3.10) to the combined boundary and In e rtia l e ffec t for a 
sphere given by Sutterby.
When the boundary Influence Is accounted fo r, both theory and 
experiment Indicate that even for large values of sQ the drag on a 
torus 1s not strik ing ly d iffe ren t from the drag on a sphere of the 
same outside diameter. For example, when sQ x 300, the drag on a 
torus d iffers  from the drag on a sphere of equal diameter by a 
factor less than 2, while the cross-sectional areas perpendicular to 
the flow d iffe r  by a factor of 75. Roger**** observed the same 
Insensftlv lty  of drag to cross-sectional area at low Reynolds 
number 1n his study of f la t  rings and disks.
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APPENDIX I
COWENTS ON, AND DERIVATION OF,THE ASYMPTOTIC 
FORMULA F* - 2tt 6 ^ /3 (n  + An 4 + ^)
The errors 1n the asymptotic expression for the drag (Eq. (4.6) 
of Majumdar and O 'N e ill) appear to have occurred because of a mis­
leading notation used 1n the formulas of Section 8.13 of Abramowltz
and Stegun^ (NBS Handbook of Mathematical Functions). The
57following statement of Van E. Wood calls attention to the problem:
"In Section 8.13, on p. 337, the argunent of the complete e l l ip t ic
Integrals 1s chosen as the modulus k and not the parameter m, as
might be erroneously Inferred from the notation Introduced in
58Section 17.3, p. 590". Henry E. Fettls has also Indicated errors
In the e l l ip t ic  Integrals.
The work of Majumdar and O 'Neill reveals that for large n0» the
coefficients a„ -*■ 0 for n > 2. The coeffic ient that survives 1s a,n — i
and for large n0 1t satisfies:
a, (-k Q - 10sQk.| + 3 k2 + 3 V l) -  (/?*/*) [2Xq - 4X, + 3Xg] , (1.1)
where kn, Xfl and are as defined before (p. 9). The asymptotic
CQ
expressions for P ■. (cosh nQ) and Q , (cosh n )  are:
n-^ 0 n~2
n-1
P 1 (cosh n0) ■ (2 cosh n0) 2 ( /it )" 1 r(n )/r(n+ ^) , for n f  0
n"2 (1.2)
and
- ( " 4 )  „  ,
Q , (cosh t v ) ■ (2 cosh n ) (A )  r(n +x )/r(n + l) , for n t  0 ,
n-^ z (1.3)
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where r(n+^) = 1. 3. 5. - . (2 n -l) /ir /2 n , n = 1, 2, . . .  and 
r(n+ l) ■ n !, n ■ 0, 1, 2 . . .  . The results (1.2) and (1.3) give
the following results for large nQ:
1
Pj (cosh nQ) * 2e2 u / t t  , (cosh nQ) * to c u/2  
2 2
|n Q -4n
P^  (cosh nQ) = 4e /3ir , Qg (cosh nQ) * 3ire /8
The functions P j (cosh n ) and Q  ^ (cosh n0)» for large n0 » can be 
"2 1  
obtained by using the equations:
P t (cosh n0) = [ f  cosh ^ f 1 K(tanh2 ^ )  (1.4)
1
and
-n0/2 -2n
Q , (cosh r^) ■ 2e 0 K(e ° ) . (1.5)
~2
where K are complete e l l ip t ic  integrals of the f i r s t  kind. Equations 
(1 .4 ) and (1.5) are the correct forms of Eqs. (8 .13.2) and (8.13-4) 
of Abramowltz and Stegun. In the lim it of
n »  1, tanh —  -o 2 f l  Z -5 T2 tends to f l  - 4e ^ l 2 .L cosh2 (t^ /2) J L J
? - n ft
Therefore, tanh (nQ/2 )  * [1 - 4e ] , for nQ »  1. Let the para­
meter m * 1 -  4e 0 -  1 - (2 /$0) ,  (sQ * cosh nQ “ e °^2 for large nQ) 
Then, the complementary parameter 1$ equal to 2/sQ. because 1t Is
defined as (1-m). The resu lt. Aim [K - \  An (16/m-,)] *  0 , which 1s
m+1 2 1
93
Eq. (17.3.26) of Abramowltz and Stegun, then gives: K ■ An (8sQ)
■ j  [An 4 + An 2 sq]  -  ^  [An4 + nQ]» because nQ * cosh"1 sQ 
2 I* An[sQ + (s - 1) ] ■ An 2sq , for large s0 - Therefore, for nQ »  1.
P j (cosh nQ) * — e 0^  [An 4 + n03* (1*6)
1
Equation (17.3.1) of Abramowltz and Stegun 1s
71/2 do
Mm) -  /  r — dQ ,  n  (1-7)0 £l-m sin2 ©J*
In the lim it of nQ >> 1. Eq* (1.7) gives:
-2n0 n/2
Me ) ^  /  do * tt/ 2 .  Therefore,
0
Q ^(cosh nQ) * we . (1*8)
The asymptotic results fo r the Legendre functions Pj P^, P -j» Q j»
2 *  2 "2  2
Q ,^ and Q  ^ are:
2 "2
J^o/2 2
k «  * e   # x * ______- ________
0 2[An 4 + nQ] 0 2[nQ + An 4]
k, - (f) e'n°/Z ’ *1 ‘  e n°
-3n^/o / q- 2\ -4n0
e« .  ■ $  • V i  • v  t o
The derivatives of the Legendre functions can be obtained by using 
the relation
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P <V
n-7T
[*0 P . ' so>-p ,  <so»  
n"2 n~ l
(1.9)
The prime Indicates d iffe ren tia tion  with respect to sQ. Equation (1.9) 
follows from Eq. (7 .8 .5 ) of Lebedev.®^ The result for n = 1 is 
P 1 (sQ). Thus,
Pl ( s J  - j  1— i  [s M s J  - P i(s  ) ] , which tends to
2 0 U(^-DS 0 i 0 4 0
[n0 + tn 4] , for large r\ .
' 2 - r Vt/2Therefore, P-j(sQ) '  — e , for nQ >> 1. Hence,
. \ -1
ui ■ n = ^  e °^ 2 for nQ >> 1. The asymptotic values of
k0 * kl*  k2* *0* *1 * XZ an<1 1^ * when subst* tute<) Eq. (1 .1 ), give:
3_ t t  no/2 + 9rr " 3 tio / 2  _ Sir no/2 _ tre o/22 e - ~ + r e 2[fcn 4 + n j
.  / / 2 \ |  2 « 2 ~2r|o 27 2 r "4no
W | F \ T + 4] - 2" e + T6 " e
-v7e
-n,o/2
Therefore, a, « [%  + an 4 ♦ * for no >:> K
Equation (1.12) gives:
( I . 10)
F -  (4 /2 /3 ) slnh nQ r nBn .
In the lim it of large n0 the expression F 1s
(2 /T /3 ) en° [k2«, - en°  k ,a ,]  , because Bn * kR (an+1 + an_ ,)
- 2s k a » a„ -*■ 0 for n > 2, and s -*■ % for large n . This o n n n  — o 2  * o
*
result for F , when asymptotic values for k j , k  ^ and a1 are used, 
gives:
F* '  ( 2 ^ 3 )  en° S2v
-2n,
2[n„ ♦ in 4 + t ]  •  I 3*'2'1' / 4) [n + m 4 ♦ II
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APPENDIX I I I
CORRELATION OF THE RESULTS IN THE STRONG BOUNDARY REGION
IN TERMS OF G AND E
4 .4 (l-tQT5E
E*2b/(H-D)
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APPENDIX IV
VALUES OF THE KINEMATIC VISCOSITY OF FLUID B 
v Temperature
Method 
Capi1 lary
Sphere (Diameter 
0.5551 cm)
Sphere (Diameter 
0.3163 cm)
2cm /sec Date montl
39.37 20.05 February 15, 1980 0.
38.63 21.00 0.
37.87 22.00 0.
37.16 22.90 0.
36.44 23.90 0.
35.66 24.95 0.
34.96 26.00 0.
34.34 26.95 0.
33.78 27.80 0.
32.95 29.10 0.
36.84 23.45 March 26, 1980 1.4
37.27 23.50 May 31, 1980 3.5
37.79 23.90 July 19, 1981 17.1
37.55 24.30 July 28, 1981 17.4
36.67 25.50 17.4
36.03 26.30 17.4
35.00 27.80 17.4
34.21 29.00 17.4
36.22 25.20 June 23, 1980 4.3
36.29 25.00 June 28, 1980 4.4
36.69 24.30 July 6, 1980 4.7
36.57 25.15 September 29, 1980 7.5
36.99 24.15 December 5, 1980 9.7
36.48 25.25 June 23, 1980 4.3
36.67 24.80 July 28, 1980 5.4
38.04 23.65 August 5, 1980 5.7
36.80 25.10 September 29, 1980 7.5
37.88 23.00 October 31, 1980 6.5
37.10 24.35 December 5, 1980 9.7
An 1s the time elapsed since February 15, 1980.
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